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ABSTRACT 

q.: 

In this thesis we investigate the effective actions for massive Kaluza-Klein 
states, focusing on the massive modes of spin-3/2 and spin-2 fields. To this 
end we determine the spontaneously broken gauge symmetries associated to 
^ ■ these 'higher-spin' states and construct the unbroken phase of the Kaluza- 

Klein theory. We show that for the particular background AdS^ x S 3 x S 3 a 
consistent coupling of the first massive spin-3/2 multiplet requires an enhance- 
ment of local supersymmetry, which in turn will be partially broken in the 
Kaluza-Klein vacuum. The corresponding action is constructed as a gauged 
maximal supergravity in D = 3. Subsequently, the symmetries underlying an 
infinite tower of massive spin-2 states are analyzed in case of a Kaluza-Klein 
compactification of four-dimensional gravity to D = 3. It is shown that the 
resulting gravity-spin- 2 theory is given by a Chern-Simons action of an affine 
algebra. The global symmetry group is determined, which contains an affine 
extension of the Ehlers group. We show that the broken phase can in turn 
be constructed via gauging a certain subgroup of the global symmetry group. 
Finally, deformations of the Kaluza-Klein theory on AdS% x S 3 x S 3 and the 
corresponding symmetry breakings are analyzed as possible applications for 
the AdS/CFT correspondence. 
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Chapter 1 



Introduction 



1.1 String theory as a candidate for quantum 
gravity 

By now it is common wisdom that one of the most important and also most challenging 
problems of theoretical physics is the reconciliation of gravity, i.e. of general relativity, 
with quantum theory. Any 'naive' approach to the problem of quantizing gravity along 
the lines of conventional field theories has failed, in that the resulting theories are 
non-renormalizable, so that they can be viewed at best only as an effective description. 

It is generally appreciated that the conceptually different nature of general rela- 
tivity lies at the heart of the problem of formulating a consistent theory of quantum 
gravity. As a so-called background-independent theory it is invariant under the full 
diffeomorphism group of the underlying manifold. In accordance with that there is no 
preferred reference frame and no fixed background space-time. Instead, space-time is 
completely determined dynamically. Since any conventional formulation of quantum 
field theory relies in contrast on a background space-time (as Minkowski space) with 
its preferred notion of distance, causality and time, it is not surprising that the quan- 
tization of gravity is a complicated problem. Therefore, quantum gravity struggles 
with a number of conceptually severe problems, like the famous so-called 'problem of 
time' (for a pedagogical introduction see, e.g., []].) 

Among the approaches to quantize gravity are those which try to maintain the 
conventional ideas of quantum field theory, like the notion of particles, S-matrix 
etc., while the others aim to take seriously the lessons which general relativity has 
taught us by maintaining general covariance also in the quantum theory. For instance, 
'loop quantum gravity' belongs to the latter [21 El H]. While these theories are truly 
background- independent, they suffer from the humbling drawback that it is not clear 
how to get a semi-classical limit or even how to identify the observables [5]. String 
theory on the other hand is a perfectly well-defined perturbative quantum theory of 
gravity [HI [7j. Even though it extends the standard concepts of quantum field theory 
in the sense that it replaces the notion of a point-particle by a one-dimensional string, 
it still yields a conventional formulation in that it basically predicts certain S-matrix 
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elements. It provides a framework to compute finite results for, say, graviton-graviton- 
scattering on a Minkowski background to arbitrary accuracy. Accordingly, string 
theory in its original formulation is not background-independent, since it quantizes 
the propagation of strings on a fixed 10-dimensional background space-time (which 
is usually taken to be Minkowski space). Among the excitations of the string is the 
massless spin-2 mode, which is interpreted as the graviton, i.e. as the (quantized) 
fluctuations of the metric around the fixed background space-timeQ Even though 
string theory thus provides a consistent theory of quantum gravity, it is unable to 
answer the conceptually important problems mentioned above, simply because of its 
intrinsically perturbative formulation. In particular, string theory incorporates the 
symmetry principles known from classical general relativity at best only in a quite 
intricate way. 

Apart from the massless spin-2 mode, the string spectrum contains massless spin- 
and spin-1 states together with their fermionic superpartners, as well as an infinite 
tower of massive higher-spin states. The former support the picture of unification, 
namely that all known interactions and matter fields should combine into one common 
theory. The latter in turn have been argued to result from a spontaneous symmetry 
breaking of an infinite-dimensional symmetry [SI E] - But, what kind of symmetry this 
might be and how the 'unbroken phase' of string theory might look like has always 
been unclear. Again we are faced with the problem that the (symmetry) principles 
underlying string theory remain unknown. It would be clearly desirable to uncover 
these principles, since they would presumably enrich our understanding in the same 
sense as the notion of general covariance and the equivalence principle have done for 
our understanding of gravity [TU] . 

It should be noted that string theory is not unique, instead there are five consistent 
(super-) string theories in 10 dimensions: Type IIA and type IIB, heterotic string 
theory with gauge groups 5*0(32) and Eg x E s and type I superstring theory. In 
their low-energy description, i.e. in the limit that the strings look effectively like 
particles, they are described by field theories, which are the associated supergravity 
theories. Beyond these supergravities related to string theories there exists a unique 
1 1-dimensional supergravity theory, whose origin was unclear from the point of view 
of 'conventional' string theory. 

However, this picture of string theory changed dramatically during the second 
string revolution in 1995 [TTJ (for reviews see [T2l [13]). Since then various dualities 
have been argued to exist, which relate the different string theories together with 11- 
dimensional supergravity. As the result of this change of perspective it is now expected 
that there should exist a unifying framework for string theory, which is called 'M- 
theory', that presumably combines all known string theories into one common theory 
and whose low-energy limit is given by 1 1-dimensional supergravity. The different 
string theories will then appear as certain limits of M-theory. This theory is believed 
to provide a background-independent description of quantum gravity (in which not 
even the space-time dimension is given a priori), which at the same time unifies all 

■"■From a particle physicist's point of view the diffeomorphism symmetry of general relativity is 
accordingly the gauge symmetry that guarantees consistency of the graviton's self interactions. 
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known interactions and matter fields. In particular, space-time should appear as an 
emergent phenomenon [TJ]. Moreover, such a theory should also be able to answer the 
conceptual questions about quantum gravity mentioned above. Thus, the question of 
the 'unbroken phase' of string theory translates in modern parlance into the question 
of the underlying symmetries of M-theory, whose identification would presumably 
be the first step in identifying this theory. Even though we are far away from an 
actual formulation of M-theory, the first glimpses of such a deeper understanding 
have already shown up, e.g. in the AdS/CFT correspondence or the holographic 
principle, which will be important in this thesis. 

1.2 Holography and Kaluza-Klein theories 

It was first proposed by 't Hooft and Susskind that a quantum theory of gravity 
should pervade a so-called holographic principle [T51 HE] . This principle states that 
quantum gravity ought to have some description in terms of degrees of freedom that 
are defined in one dimension less. The reason for such an expectation results from the 
Bekenstein-Hawking formula for the entropy of a black hole, according to which the 
entropy is given not by the volume, but instead by the area of the black hole's event 
horizon. This in turn yields a bound for the entropy of a given region of space-time. 
In fact, if the entropy for such a region would be greater than expected from the area 
of its boundary one could violate the second law of thermodynamics by throwing 
matter into this region until a black hole forms. The latter would then have an 
entropy bounded by its area, thus implying an effective decrease of entropy. Since the 
entropy counts the number of microstates in that region, the entire information about 
the degrees of freedom therefore seems to be contained already in the boundary, i.e. 
effectively in one dimension less. 

The first concrete realization of this principle was given by Maldacena's conjecture 
or the so-called AdS/CFT correspondence [THEE]- It claims an equivalence between 
certain string theories on backgrounds containing Anti-de Sitter spaces (AdS) on the 
one hand and conformal field theories on its boundary on the other hand. The most 
prominent form of the correspondence is the one between type IIB string theory on 
AdS$ x S 5 and M = 4 super- Yang-Mills theory on four- dimensional Minkowski space 
(which may be viewed as the boundary of AdSa). Another form of the correspondence, 
which we will mainly focus on in this thesis, is between type IIB string theory on 
AdS% x S 3 x K (where the compact manifold K can be S 3 x S 1 , T 4 or K3) and 
certain two-dimensional conformal field theories. 

More technically, the AdS/CFT correspondence associates to any field in the 
supergravity theory on AdS a source O m the CFtH Any of these sources gives rise 
to a unique solution of the supergravity equations of motion which coincides with the 
CFT data on the boundary of AdS. The AdS/CFT duality in turn claims a precise 
relation between the correlation functions in the CFT and the supergravity action. 



2 In the following we will restrict ourselves mainly to the case, where the supergravity approxi- 
mation of string theory is valid. 
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Schematically, the correlators can be computed according to the formula 

(exp / o 0)cft = exp(-S(0)) , (1.1) 
Js d 

where the supergravity action S has to be evaluated on the appropriate solutions of 
its equations of motion, and O denotes an operator in the CFT. Thus the knowledge 
of the full supergravity action allows the computation of all correlation functions, 
and vice versa. To be more precise, for the evaluation of higher-order correlators, all 
non-linear couplings in the supergravity action have to be known. For instance, if one 
wants to follow an RG flow in a broken phase of the field theory, one has to analyze 
arbitrary finite movements of the supergravity scalars in their potential. Therefore 
the precise shape of the scalar potential has to be known beyond quadratic order. 

Concerning the problem of determining the non-linear couplings, it should be 
stressed that the AdS/CFT correspondence involves the full ten-dimensional string or 
supergravity theory, and not just the AdS factor. In fact, consistent geometric string 
backgrounds have to be ten- dimensional and should solve the supergravity equations 
of motion. Accordingly, the internal manifolds in AdS^ x S 5 or AdS$ x S 3 x K 
enter the supergravity action in a crucial way through the appearance of so-called 
Kaluza-Klein harmonics and their non-linear couplings. 

Kaluza-Klein theories were originally introduced as an attempt to unify gravity 
with Yang-Mills gauge theories through the introduction of higher- dimensional space- 
times [19]. They are based on the assumption that the ground state of a gravity 
theory might not be given by a maximally symmetric space (i.e. Minkowski or de 
Sitter spaces), but instead by a product of a lower-dimensional space with a compact 
manifold ('spontaneous compactification'). The ground state manifold then may read 

M D = R 1 **- 1 x K D . d , (1.2) 

where K£>_d denotes the compact internal manifold. The fields of the .D-dimensional 
gravity theory can then be expanded in harmonics Y a , satisfying 

(D KD _ d + ml) Y a = , (1.3) 

after which one integrates the original action over the internal manifold. The ef- 
fectively (i-dimensional action then looks like a gravity theory composed of a finite 
number of massless fields (resulting from the zero- modes m a = 0), coupled to an in- 
finite tower of massive modes. Among the massless fields one finds Yang- Mills gauge 
fields, whose gauge group is given by the isometry group of the internal manifold, 
thus unifying space-time and internal symmetries. The massive states in turn have 
a mass scale 1/R, where R is some characteristic length scale of the internal man- 
ifold (as, e.g., the radius of a circle). In most phenomenological considerations one 
assumes the compact manifold to be very small, such that the higher Kaluza-Klein 
modes are heavy and can in fact be integrated out. However, the internal manifolds 
appearing in compactifications on AdS are typically of the same size as the AdS space 
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itself, i.e. of 'cosmo logical' scales, in order to be a solution of the supergravity equa- 
tions of motion]^ The Kaluza-Klein harmonics have actually masses of order one, in 
units of the AdS length scale, while in contrast stringy excitations are much heavier. 
Thus, the inclusion of massive Kaluza-Klein states in the supergravity description is 
of crucial importance, while so far the focus was mainly on the effective description 
of the lowest modes. In this thesis we therefore aim to incorporate also Kaluza-Klein 
states of arbitrary mass. Since the direct construction of effective Kaluza-Klein ac- 
tions in case of a generic compact manifold is a technically cumbersome problem, we 
will follow here instead a different strategy of constructing these theories directly in 
the lower-dimensional spacetime by identifying the underlying symmetries and the 
allowed couplings. 

This strategy has also been followed in the original constructions of the effective 
supergravity on AdS 5 x S 5 [201 12H 122] (and also of 11-dimensional supergravity on 
AdS± x S 7 and others [231 I2U [25]). The accomplishment of such a program is based 
on so-called gauged supergravities, which incorporate non-abelian gauge vectors into 
locally supersymmetric theories. Since the sphere S 5 leads according to the general 
Kaluza-Klein recipe to a gauge group SO (6) and preserves moreover all supercharges, 
the theory can be constructed directly as a gauged maximal supergravity with this 
particular gauge group. This theory is unique, and it is therefore natural to identify 
it with a truncation to the 5-dimensional maximal supergravity multiplet of the full 
Kaluza-Klein theory. Even though this cannot be viewed as an effective description 
due to the low mass scale of the higher modes, it is believed to provide a consistent 
truncation^ More recently, a tower of massive spin-1 multiplets appearing on AdS^ x 
S 3 has been described as a unique gauging of three-dimensional supergravity [26\. 
(Effective supergravities for massive Kaluza-Klein states have also been considered in 
different contexts in [271 ESI EH] and more recently in [3TJ1 I3"T].) 

As long as only scalar fields and their superpartner are considered, this strategy 
of constructing the effective supergravities applies. However, these theories require 
already the introduction of spin-1 fields as gauge fields. Moreover, as supergravi- 
ties they contain spin-3/2 fields (gravitinos) and a spin-2 field (the metric). These 
'higher-spin' fields are associated to local symmetries in the AdS bulkE] This in turn is 
the main obstacle for the direct construction of supergravity theories containing also 
higher Kaluza-Klein modes. In fact, the construction of interacting higher-spin the- 
ories seems to be prohibited in general by various no-go theorems which in principle 
apply to all fields with s > 1. The appearing consistency problems are precisely due 
to the fact that the local higher-spin symmetries apparently cannot be maintained 
at the interacting level [32]. Supergravity theories handle these no-go theorems in 
that they are able to couple the graviton self-consistently (as in general relativity) 
together with a finite number of gravitinos (due to the existence of local supersym- 

3 This will be shown explicitly in chapter [3] for the AdS3 x S 3 x S 3 x S 1 background. 

4 We will make this more precise in sec. 14. 6[ and will also try to illuminate why this statement is 
far from being self-evident. Nevertheless, throughout the thesis we will use the term 'effective' for 
the resulting Kaluza-Klein actions, even though it is in general not an effective description in the 
sense of 'integrating out' degrees of freedom in field theory. 

5 These local symmetries do not appear on the CFT side, but correspond to conserved currents. 
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metry). However, the consistency problems seem to reappear once all Kaluza-Klein 
modes are taken into account. The higher Kaluza-Klein modes of the metric and 
the gravitino will in fact show up as infinite towers of massive spin-2 and spin-3/2 
fields coupled to gravity. While a finite number of massive spin-3/2 fields can be 
described within the framework of spontaneously broken supersymmetry (limited by 
the maximal number of real supercharges < 32), an arbitrary number of them cannot 
be coupled consistently to gravity - not to speak of the spin-2 fields. On the other 
hand, we know that the infinite Kaluza-Klein towers of massive spin-2 and spin-3/2 
fields have to be consistent, simply because their higher- dimensional ancestors are. 
Therefore the question appears, how are the no-go results mentioned above circum- 
vented? Moreover, is it possible not only to describe these massive higher-spin states 
in a consistent way, but to realize them as the spontaneously broken phase of a theory 
possessing an enhanced local symmetry? 

These questions were in part analyzed by Dolan and Duff in [33], where they 
showed that the higher-dimensional diffeomorphism group shows up as a sponta- 
neously broken infinite-dimensional gauge symmetry in the lower-dimensional Kaluza- 
Klein theory. More precisely, the diffeomorphism group of the internal manifold will 
appear as a Yang-Mills-like gauge group, while an infinite-dimensional spin-2 symme- 
try is supposed to ensure the consistency of the gravity-spin-2 couplings. In subse- 
quent investigations the focus was on the realization of the diffeomorphism algebra as 
a gauge symmetry [MJ [351 [36] . In this thesis we will concentrate instead on the con- 
sistency of the infinite-dimensional spin-2 symmetries. Moreover, we will also discuss 
the similar phenomenon for spin-3/2 symmetries (for the early literature see [37]). 

The strategy in this thesis will be to focus on compactifications to three space-time 
dimensions, and leave possible generalizations to arbitrary dimensions for a second 
step. Among other things this is motivated by the fact that the existence of so-called 
Chern-Simons gauge theories allows an investigation of local symmetries, which treats 
internal and space-time symmetries on an equal footing. For instance, general relativ- 
ity in three dimensions has an interpretation as a Chern-Simons theory, in which the 
diffeomorphisms are realized as Yang-Mills gauge transformations [38] • Accordingly, 
all higher-spin fields - starting with spin-1 vectors - can be described in a similar 
fashion [3H] ■ Thus Chern-Simons theories provide the natural arena for an analysis 
of the spin-2 and other local (super-) symmetries, which are expected to appear in 
Kaluza-Klein theories. Finally, gauged supergravities in three dimensions represent 
a natural extension of these Chern-Simons theories (which are contained as subsec- 
tors) and, correspondingly, are well adapted to an analysis by symmetry arguments. 
Irrespective of the meaning as a toy-model for higher- dimensional cases, these theo- 
ries are of significance by themselves, as they afford the necessary background for an 
investigation of the dual two-dimensional CFT's. 

Apart from the relevance for the AdS/CFT correspondence and the conceptual 
understanding of Kaluza-Klein theories in general, these questions have a striking 
similarity with the analogous search for the underlying symmetries in string or M- 
theory mentioned in 11.11 and one may even hope to get some new insights into these 
subjects. 
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1.3 Outline of the thesis 

This thesis aims to analyze massive Kaluza-Klein theories through their spontaneously 
broken symmetries, with a focus on the consistency of massive spin-3/2 and spin-2 
couplings. The organization is as follows. 

In chapter 2 we give a brief review of the consistency problems related to higher- 
spin couplings in general, and how they are partially resolved in supergravity. Then 
we give a short introduction into gauged supergravity in three dimensions, which will 
be applied in forthcoming chapters. 

In chapter 3 we turn to the problem of coupling massive spin-3/2 fields to gravity. 
For this we consider the example of Kaluza-Klein supergravity on AdS^ x S 3 x S 3 x S 1 . 
This background is half-maximally supersymmetric and contains in its Kaluza-Klein 
spectrum massive supermultiplets with maximal spin 3/2. We construct their respec- 
tive effective actions as gauged maximal supergravities in D = 3, whose supersym- 
metry is partially broken in the vacuum, thus giving rise to massive spin-3/2 fields 
via a super-Higgs mechanism. 

The analogous problem for spin-2 fields is discussed in chapter 4. We show that an 
'unbroken phase' exists, in which the spin-2 fields appear to be massless and therefore 
possess an enhanced (infinite-dimensional) gauge symmetry, thus circumventing the 
no-go theorems. It will be shown that a geometrical interpretation exists, which is 
analogous to the one for general relativity, and consists of a notion of 'algebra- valued' 
differential geometry developed by Wald. Moreover we will see that the 'broken phase' 
and the affiliated Higgs mechanism originate from a gauging of certain global symme- 
tries, which is to a certain extent similar to the gauging of supergravity introduced in 
chapter 2. In particular, the rigid invariance group is enhanced and the gauge fields 
will show up together with the spin-2 fields in a Chern-Simons form. 

In chapter 5 we discuss potential applications of the results from chapter 3 for 
the AdS/CFT correspondence. We consider so-called marginal deformations, which 
leave the AdS background intact, but break some supercharges and part of the gauge 
group spontaneously. More specifically, we discuss a breaking of Af = (4, 4) to Af = 
(4,0) and Af = (3,3), respectively, together with the resulting spectrum and the 
reorganization into supermultiplets. 

Chapter 6 closes with an outlook and discussions, while the appendices contain 
the required technical background. These include a review on E 8 ^, an overview of 
Kac-Moody and Virasoro algebras and the technicalities of an explicit Kaluza-Klein 
reduction containing all Kaluza-Klein modes (appendices A - C). An extension of the 
spin-2 theories analyzed in chapter 4 to generic compactification manifolds will be 
given in appendix D. 
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Chapter 2 

Higher-spin fields and supergravity 



To set the stage for later examinations we give in this chapter a short introduction 
into the interaction problem for higher-spin fields and its partial resolution within 
supergravity. Moreover, we briefly review gauged supergravity with special empha- 
sis on in its three-dimensional version, since this will be applied in chapter [3] and 
generalized in chapter HI 



2.1 Consistency problems of higher-spin theories 

As mentioned in the introduction the massive Kaluza-Klein states appearing in super- 
gravity are of significance for the AdS/CFT correspondence. Among these massive 
fields are an infinite tower of spin-3/2 and spin-2 states. The effective Kaluza-Klein 
supergravity will describe the coupling of these infinite towers to gravity (or more 
precisely, to the supergravity multiplet). Even more optimistically we would like to 
couple massless spin-3/2 and spin-2 fields to gravity that would exhibit an enhanced 
gauge symmetry and then establish a novel version of the Higgs mechanism, such 
that they can become massive via breaking the symmetry spontaneously. However, 
there exist various no-go theorems that forbid the existence of interacting higher-spin 
theories (where higher-spin means s > 1), implying in particular that couplings of 
spin-3/2 and spin-2 fields to gravity - in the massive and even more severely in the 
massless case - are impossibleo In the following we will briefly discuss the consistency 
problem related to these higher-spin couplings and how they can be partially solved 
within supergravity. 

Let us start with a non-interacting spin-2 field h^ v on a Minkowski background. 



1 There is however a vast literature on the problem of consistent higher-spin theories. (For early 
papers see [40j [4TJ [42] and for recent reviews [43j [32] ) Even though there was tremendous progress 
within the last few years, it is probably fair to say, that we are still far away from a conclusive 
picture. 
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Its action has been determined by Pauli and Fierz [40] and is given by 

S PF = J d D x[^h up d p h up - d p h pv d p h pu + dphTdJk - ^dJiVh 



- l -m 2 {h, v h p » -h 2 



(2.1) 



(2.3) 



where h = rf^hfa, denotes the trace evaluated in the Minkowski metric. The equations 
of motion derived from this action read 

□/V ~ d l id p h pv - d p d v h pv + i] pu d p d a h pa - rj^Dh + d^dji 

2 f \ (2-2) 

+ m [h^ - rj^hj = . 

If one takes the divergence and the trace of this equation one gets 

m 2 9^(V - riuJi) = , 
(D - 2)& 1 d v {h lxv - r)^) - m 2 (D - l)h = . 

^From this we conclude 

8 p h^ = , h = 0. (2.4) 
Reinserting these relations into the equations of motion, one obtains 

(□ + m 2 )V = °- (2-5) 

The equations (12.41) and (12. 5p guarantee that the dynamical content of (12. ip is given 
by an irreducible representation of the Poincare group. In four- dimensional language 
(12. 4p states that h pv has spin 2, while (12.51) ensures that h^ v is an eigenstate of the 
mass operator P 2 . Accordingly, the number of propagating degrees of freedom can 
be counted as follows. In D dimensions the symmetric has D ^ +1 ^ components, 
and in case that only (12. 5p is present, all of them would propagate. In turn one would 
have to specify D(D + 1) Cauchy data on an initial- value surface, namely the and 
dth^. However, in the present case the conditions (12.41) have to be taken into account, 
i.e. they have to be imposed as constraints on the initial data, h — then implies 
two constraints, namely that h and d t h are initially zero, while d^h^ = yields 2D 
further constraints! In total one ends up with D 2 — D — 2 initial conditions. In other 
words, there are ( D ~^ D — l propagating degrees of freedom, which match exactly 
the number of components of a symmetric traceless 2-tensor under the massive little 
group SO(D — 1). 

For the massless case m 2 = the conditions (12. 4p no longer follow from the 
equations of motion. Instead, the action develops a local symmetry 6h pu = d^+d^^, 
which decouples additional degrees of freedom. With a similar analysis as above one 
finds \D(D — 3) propagating degrees of freedom. 



2 That dtd^h^ — is a constraint, even though it contains a second-order time derivative, can 
be seen by rewriting it with the help of the Klein-Gordon equation 46J. 
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What is now the problem of promoting this spin-2 theory to an interacting theory, 
e.g. via coupling to gravity? First of all, the massless can of course be elevated 
to a self-interacting field, namely to the graviton of general relativity, since ( 12. ID for 
m 2 = describes nothing else than the linearization of the Einstein-Hilbert action. 
(Correspondingly, the free spin-2 gauge symmetry is the linearization of the diffeo- 
morphism symmetry of general relativity.) In fact, the existence of this theory has 
a deep geometrical reason, namely the existence of Riemannian geometry. If instead 
one wants to couple a number of spin-2 fields to gravity, one would have to replace 
all partial derivatives in (12.11) by covariant ones (with respect to the space-time met- 
ric). However, this would violate either the conditions (12.41) in the massive case or 
the invariance of the massless theory under any obvious covariantisation of the spin-2 
transformation. This happens because of the non-commutativity of covariant deriva- 
tives, [V M , Vjy] ~ R^y. In turn, the number of degrees of freedom would be larger than 
compared to the free case, or in other words, some of the propagating modes would 
disappear in the free limit, which clearly indicates an inconsistency. (For the no-go 
theorems in case of spin-2 fields see @H SSI Mi HU HE] , and also [H] and [501 15T].) 

Similar consistency problems appear for all higher-spin fields, in particular for 
spin-3/2 fields. However, for the latter we know already how to circumvent the 
aforementioned no-go theorem, namely by introducing local super symmetry, to which 
we will turn now. 

The supergravity miracle 

A free massless spin-3/2 field ip^ on a Minkowski background can be described by the 
Rarita-Schwinger equation, which reads 

l^d^p = , (2.6) 

where ^ vp = ^^ u ^ p \ and we have suppressed the spinor index on tp^. These equa- 
tions of motion are clearly invariant under the spin-3/2 gauge symmetry Sij}^ = d^e, 
which in turn guarantees consistency. If one wants to couple this spin-3/2 field to 
gravity one encounters the same problems as mentioned in the last section. Namely, 
due to the non-commutativity of covariant derivatives the Rarita-Schwinger equation 
transforms under the covariantisation of the spin-3/2 symmetry into 

Kl^uipp) = ^ p [V„ V p ]e ~ Rfrfe . (2.7) 

Since the Ricci tensor does not vanish in an interacting theory, but is instead deter- 
mined by the energy- momentum tensor T^^ijj) of the spin-3/2 field, the gauge sym- 
metry is explicitly broken and the theory becomes inconsistent. Therefore we find 
a no-go theorem for spin-3/2 fields which is analogous to the one for gravity /spin- 2 
couplings mentioned above. 

But, as the discovery of supergravity has shown, there is a loophole in the no-go 
theorem: It was assumed in the variation (12.71) that only the spin-3 / 2 field transforms 
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under the symmetry. If one allows instead for a variation also of the metric, which is 
schematically of the form 

Sg^u = ~(e7/A + e-frVvO , (2.8) 
the Rarita-Schwinger equation transforms into 

5{^ vp V v ^ p ) ~ (R^ - T, v + \g^T^e . (2.9) 

This means that a non-trivial transformation for the metric can be introduced in such 
a way that the Rarita-Schwinger equation rotates exactly into the Einstein equation 
containing the energy- momentum tensor for the spin-3/2 fields. Correspondingly, 
the Einstein equation transforms into the Rarita-Schwinger equation. The theory is 
therefore consistent also at the interacting level and propagates only massless spin-2 
and spin-3/2 modes ('the supergravity miracle', [B]). 

More precisely, (g^, ip^) build a multiplet for a locally realized Af = 1 supersym- 
metry. This means that the introduction of an extended space-time symmetry allowed 
consistent couplings of 'higher-spin' fields. In fact, the spin-3/2 fields are realized as 
gauge fields for supersymmetry. If one extends the symmetry further by introduc- 
ing additional supercharges Q 1 , where 1 = 1, ...,Af, consistent couplings of the same 
number of spin-3/2 fields (gravitinos) are possible. But, the number of spin-3/2 fields 
that can be coupled in this way is bounded (thus being only of limited use for the 
required Kaluza-Klein theories). This can be seen by inspecting the representation 
theory of the superalgebra [52j. Since the supercharges raise and lower the spins in a 
given multiplet, the maximal number of real supercharges consistent with spin s < 2 
is 32. In other words, the number of gravitinos is bounded by this number, if not at 
the same time additional higher-spin fields are introduced. However, the latter seems 
to be still impossible, even if supersymmetry is used. For instance, one may consider 
the M = 1 multiplet which contains besides the metric not a massless spin-3/2 field, 
but a massless spin-5/2 field. This would be equally sensible from the point of view 
of the representation theory of the superalgebra, but still a consistent field theory 
('hyper gravity') does not exist [53] . 

Subsequently we will concentrate on three-dimensional supergravities, which are 
special for the following reasons. First of all, in D = 3 an arbitrary number of spin- 
3/2 fields can be coupled to gravity. This is due to the fact, that they are so-called 
topological fields, and hence they can be added to an action without affecting the 
number of local degrees of freedom. Even though this flexibility is lost once the spin- 
3/2 fields are coupled to matter, one might hope that the necessary avoidance of 
the no-go theorems can be studied more directly. This topological character actually 
extends to all massless higher-spin fields in D = 3, including spin-2 fields. Thus, also 
for them an analysis in a three-dimensional framework seems to be more promising. 
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2.2 Gauged supergravity 
2.2.1 Generalities 

In this section we review the construction of gauged supergravities. To begin with, 
we recall that pure supergravity in D = 3 consists of a metric (described by the 
vielbein e") and Rarita-Schwinger gravitinos ip 1 , 1=1, A/", which together build a 
supermultiplet for TV-extended supersymmetry. According to the counting of degrees 
of freedom in 12.11 the metric possesses no propagating degrees of freedom in D = 3. 
In this sense it is purely topological. Similarly, also the gravitino is topological, as it 
should be in order to match bosonic and fermionic degrees of freedom. Due to this 
topological nature consistent field theories exist for arbitrary N '. Namely, the action 

£,g. = -\e^ p (e a ,Ru P a(oo) + $/V,V{) (2.10) 
stays invariant under 

<k = V 7 >;, ^; = v^. (2.H) 

In fact, the no-go theorem excluding couplings of an arbitrary number of spin-3/2 
fields mentioned in 12.11 does not apply, since the multiplet structure refers only to 
propagating degrees of freedom. In view of the fact that the gravitational fields are 
topological, an arbitrary number of spin-3/2 fields can in turn be coupled. 

Chern-Simons theories 

Another way of providing invariant supergravity actions for an arbitrary number of 
topological fields is given by the so-called Chern-Simons supergravities. To introduce 
them let us first discuss the description of pure gravity theories in the framework of 
Chern-Simons theories. 

The Chern-Simons action for a gauge field A, taking values in the Lie algebra of 
a certain gauge group G, reads 

S cs = J Ti(AAdA+^AAAAA) . (2.12) 

Here the trace refers symbolically to an invariant and non-degenerate quadratic form 
on the Lie algebra. It has been shown in a classic paper by Witten [38] that three- 
dimensional gravity (with or without cosmo logical constant) can be interpreted as a 
Chern-Simons theory with a particular gauge group. If the cosmological constant A 
is positive, negative or zero, the gauge group is given by the de Sitter, anti-de Sitter 
of Poincare group, respectively. We will illustrate this for AdS gravity, in which case 
the isometry group decomposes as 



SO(2,2) = SL(2,R) L x SL(2,R) 



(2.13) 
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To make contact with the conventional formulation of AdS gravity one rewrites the 
respective gauge fields corresponding to the left or right SL(2, M) factors according 
to 

Al L > R = u>l±V=Ke». (2.14) 

Then will be interpreted as the vielbein and as the spin connection, which is 
treated as an independent field in the first order Palatini formalism. It turns out that 
the difference of the two corresponding Chern-Simons terms 

2 2 
C cs = Tr(A L A dA L + -A L AA l A A l ) - Ti(Ar A dA R + ~A R A Ar A .A*) (2. 15) 

coincides exactly with the Einstein- Hilbert term with cosmological constant A [38J. 
In this sense pure AdS-gravity can be interpreted as Chern-Simons gauge theory. 

Along these lines AdS supergravity theories can in turn be constructed as Chern- 
Simons theories for appropriate superextensions of the AdS group ( 12.131) . This has 
first been observed by Achucarro and Townsend [SI], which considered the super- 
group OSp(p\2) x OSp(q\2). Here each factor contains the SL(2, M) factor in (12.131) 
together with supercharges and internal symmetry generators. More precisely, the 
entire supergroup carries Af = p + q supersymmetry and yields a SO(p) x SO(q) 
gauge symmetry. The resulting Chern-Simons action takes the form (12.101) for the 
corresponding number of supercharges, augmented by additional Chern-Simons terms 
for the SO(p) x SO(q) gauge fields together with gravitino 'mass' terms and a cosmo- 
logical constant. Since these supergroups exist for arbitrary p, q, an arbitrary number 
of gravitinos can be consistently coupled to gravity. 



Matter couplings in supergravity 

In the last section we have seen that three-dimensional supergravities are special in the 
sense that the purely gravitational fields do not carry local degrees of freedom. This in 
turn allowed the existence of theories with an arbitrary number Af of supercharges. 
There is also another respect in which three-dimensional theories are special: For 
massless fields (on Minkowski backgrounds) there is no notion of spin or helicityjf] 
This implies that the standard argument, restricting the number of supercharges to 
be less or equal to 32 in order to arrange for maximal spin 2, does not apply, also 
if propagating matter fields are taken into account. Thus one might also hope to 
get matter-coupled supergravities for arbitrary Af. However, it turns out that upon 
coupling to propagating matter the no-go theorem reappears. Adding a globally 
supersymmetric cr-model action for scalar multiplets ((f) 1 , \ % ) of the form 

^matter = (W^' ~ ^tl^^A + (2.16) 



3 In the following we will nevertheless refer to spin-s fields, if they are symmetric tensors in s 
vector indices and carry an associated gauge symmetry (and analogously for spinors). 
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to the supergravity action (12.101) implies severe conditions on the geometry of the 
target space. For instance, Af = 8 supersymmetry restricts the scalar manifold to be 
a coset space of the form 

ClH S °^ n) (9 17) 

G/H - SO(8) x SO(n) ' (2 - 17) 

where n indicates the number of scalar multiplets. For Af > 8 the target spaces are 
uniquely determined, and Af = 16 implies the exceptional coset space E$($)/SO(16). 
Moreover, one finds that there exist no consistent theories with Af > 16 [55]. Thus 
the bound Af < 16 (implying < 32 real supercharges) is still satisfied. 

Since the homogeneous spaces appearing as the target spaces for Af = 8 and 
Af = 16 supergravity play an important role in this thesis, we will briefly review their 
description [56]. For a coset space G/H a convenient parameterization for the scalar 
fields is given in terms of a G- valued matrix L(x). This matrix is then subject to 
local H transformations which reduce the number of physical degrees of freedom to 
the required dimG — dimiJ of the coset space. Moreover, L transforms under global 
G transformations, i.e. in total 

L(x) — ► gL(x)hr\x) , g e G, h(x) e H . (2.18) 

The a-model action can then be defined through the Lie algebra-valued current 
Lr x dpL = + Vfj,, which we have decomposed according to <2 M G f) and G g\f), 
where rj and q denote the Lie algebras of G and H, respectively. Then the action 
reads 

C = ^Tt(V,V u ) . (2.19) 

For explicit computations one usually takes a gauged-fixed parametrisation for L, 
e.g. a gauge, where L takes only values in the non-compact part of G. Writing 
L = exp(0'tj), where i = 1, dimG — dimif and U are the corresponding generators, 
and then inserting into (12.191) yields a bosonic a- model action of the form (12.161) . The 
isometry group G as the rigid invariance group of (12.191) is then realized via a left 
multiplication on L as in (12.181) together with a compensating H transformation in 
order to restore the chosen gauge for L. In a given parametrisation this results in a 
non-linear action on the 0*, generated by the corresponding Killing vectors. 



Gauging of supergravity 

So far we have described ungauged supergravities, since no gauge fields were involved. 
Let us now turn to the problem of gauging some of the global symmetries, i.e. to the 
problem of promoting a certain subgroup of the isometry group G to a local symmetry. 

As usual this comprises the introduction of gauge fields and minimal coupling to 
charged matter. However, in supersymmetric theories one immediately encounters 
the severe problem that the introduction of additional bosonic degrees of freedom 
is inconsistent. In generic dimensions one evades this problem via starting from an 
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ungauged supergravity, which already contains a number of vector multiplets (with 
abelian gauge fields). The gauging then deforms the theory in such a way that the 
vectors become gauge fields for a non-abelian gauge group. In contrast, the three- 
dimensional supergravities mentioned above contain only scalar fields, which in turn 
is no restriction of generality since abelian vectors can in D = 3 always be dualized 
into scalars. But, in order for the theory to express the maximal rigid symmetry 
in a coset space structure (as the -Es(s) f° r A/" = 16) all bosonic degrees of freedom 
have to reside in scalars. Thus it seems to be impossible to gauge three-dimensional 
supergravity, while maintaining at the same time the large rigid symmetry. It has 
been shown in [57J [58] (for a review see [59]) that it is possible, however, to elude 
this conflict to a certain extent via the introduction of a Chern-Simons term for the 
gauge vectors instead of a Yang-Mills term. Since the former yields only topological 
gauge fields, bosonic and fermionic degrees of freedom still match, and accordingly 
the bosonic degrees of freedom are, also in the gauged theory, all carried by scalars. 

Let us now consider the gauging in more detail. To begin with, each partial 
derivative in the ungauged theory has to be replaced by a covariant one: 

D li = d ll + g e MJ rt M A*[ . (2.20) 

Here g denotes the gauge coupling constant which measures the deformation of the 
ungauged theory into a gauged one. The A^- are the gauge fields and Qmjv is a 
symmetric tensor, where the indices A4,J\f, ... label the adjoint representation of the 
global symmetry (as, e.g., E S (s) in the Af = 16 case). Qmat is the so-called embedding 
tensor. It describes the embedding of the gauge group Go into the rigid symmetry 
group G in the sense that the Lie algebra Qq of Go is spanned by the generators 
QjMAf^i where t M denote the generators of G. In particular, the rank of is given 
by the dimension of the gauge group. To be more precise, the embedding tensor is 
an element in the symmetric tensor product, i.e. 

© = ®MNt M ® e Sym( ® Q) . (2.21) 

The introduction of formally preserves covariance with respect to the full global 
symmetry group, even though in the gauged theory the latter is broken to the gauge 
group (since ®mN is constant and does not transform under G). We will see be- 
low that this formalism nevertheless substantially simplifies the analysis of gauged 
supergravities. 

Generically, the form of gauged supergravities is highly restricted due to the fact 
that the minimal substitution f)2.20p spoils the invariance under supersymmetry. This 
has to be compensated by the introduction of additional couplings, and only in special 
cases this can be done in a consistent way. More specifically, the bosonic terms have 
to be supplemented by a scalar potential V, such that the matter action for them 
reads 

Matter = e Tr ( [V' 1 £>„ V] t [V" 1 £>"V] t) + e V( V) + fermions , (2.22) 

where [•]$ denotes the projection of the Lie algebra g associated to G onto its non- 
compact part. Similarly, Yukawa type couplings between scalars and fermions are 
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necessary in the gauged theory, and their explicit form will be given in sec. 12.2.21 
Finally the Chern-Simons term for the gauge fields has to be added, which can be 
written as 

C cs = \e^Q MM Af {d v A^ + ' c e TK A*Af) . (2.23) 

This coincides with (12.121) . where ®mN serves as a non-degenerate quadratic form on 
the subalgebra that will be gauged. Note that the Chern-Simons term for the com- 
pact gauge vectors combines together with the Einstein-Hilbert term and the kinetic 
terms for the gravitinos into a Chern-Simons theory based on an AdS^-supergroup, as 
discussed in sec. 12.2.11 Thus the gauged supergravities are the natural matter-coupled 
extensions of the topological theories of 12.2.11 

Depending on the amount of required supersymmetry the constructed theory is 
not automatically supersymmetric, but still several constraints have to be satisfied. 
However, the advantage of the given formalism based on the embedding tensor con- 
sists of the fact that all conditions implied by supersymmetry translate into purely 
algebraic constraints on the embedding tensor. First of all G has to fulfill some purely 
group-theoretical constraints. In order for the subset Go to be a closed algebra, 
has to be invariant under the gauge group. In terms of the structure constants f MJ ) c 
of G this invariance, i.e. the fact that commutes with all gauge group generators 
©MAT*) implies the quadratic condition 

e^ew^Ao = • ( 2 - 24 ) 

Second, supersymmetry requires an algebraic constraint, whose explicit form we will 
discuss in the next subsection for Af = 8 and Af = 16 supergravity, respectively. The 
full supergravity action is entirely determined by the embedding tensor. 

We have seen that consistent gaugings of supergravity are possible in D = 3 
through the introduction of Chern-Simons gauge fields. On the other hand, we know 
that gauged supergravities exist which carry Yang-Mills vectors as gauge fields. The 
latter can, for instance, be constructed by Kaluza-Klein compactification of higher- 
dimensional supergravities. Therefore one might be tempted to conclude that the 
gauged supergravities mentioned here are not the most general ones. But this is not 
the case: All supergravities in D = 3 with Yang-Mills type gauging are on-shell dual 
to a Chern-Simons gauged supergravity with an enlarged number of scalar fields, as 
has been shown in [60, 61J. In the following we will shortly review this equivalence. 

We start from the generic form of a Yang-Mills gauged supergravity 

C = ~- A eR - Um^F^F^ + C'(A, 0) , (2.25) 

where A^ and denote the non-abelian gauge field and field strength for a cer- 
tain gauge group G. Moreover, CJ indicates some additional matter couplings and 
fermionic terms. We will assume that they are separately gauge-invariant, which in 
turn implies that A^ enters only through a covariant derivative or maybe an addi- 
tional Chern-Simons term. It is exactly this explicit dependence on A a that forbids a 
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standard dualization into scalars. But we will show that a dualization is still possible 
in which the gauge fields survive as topological fields, and where the bosonic degrees 
of freedom are instead carried by new scalars. To see this we have to introduce for 
each of the former Yang-Mills fields a scalar (p a and also an additional gauge field 
Bfj, a . An improved duality relation can then be written as follows 

-ee^F "' = M a \<P)(D^ b - B^) , (2.26) 

where denotes the gauge covariant derivative with respect to G. Moreover we have 
assumed that the scalar field matrix M Q &(</>) is invertible, such that M ac M c b = 5 a b . 
The structure of (12. 26[) suggests that ip a transforms under a shift symmetry which is 
gauged by the B^ a . More specifically, if we define the transformations 

8B lia = D l jL a , 5<p a = K, (2-27) 

the duality relation (I2.26P stays invariant. Equivalently, the right hand side of (12.261) 
defines the covariant derivative D^ a for ip a with respect to the shift gauge symme- 
try. In the next step we have to give a new Lagrangian that reproduces the duality 
relation (I2.26p . and whose equations of motion are equivalent to those of the original 
Lagrangian (12.251) : It can be written as 

C = - l -eR + X -eM a \$)b^ab^b + \e^ p B, a F a vp + C'(A, 0) . (2.28) 

Indeed, we observe the appearance of a Chern-Simons-like term B A F. Moreover, 
varying (12. 28ft with respect to B^ a yields the duality relation ( 12.261) . That ( 12. 28ft is 
on-shell equivalent to ( 12.251) can be most easily seen by choosing the gauge (p a = 
(i.e. fixing the gauge symmetry, which is absent in (I2.25P anyway), such that D^Lp a = 
—B^ a , and then integrating out B^ a . The latter coincides with the Yang-Mills gauged 
action (l2~25l) . 

In total we have seen that any Yang-Mills gauged supergravity with gauge group G 
is on-shell equivalent to a Chern-Simons gauged theory, in which the gauge group has 
been enhanced by dimG additional shift gauge fields. To be more precise, the gauge 
algebra is extended by dim G nilpotent generators (i.e. commuting among themselves), 
which transform under the adjoint action of G (see eq. (13.391) below). The Chern- 
Simons term for this extended gauge group coincides indeed with the Chern-Simons 
term in (12.281) . Moreover, additional Chern-Simons terms can be coupled, which will 
act as gauge invariant mass terms for the vectors. The latter corresponds to a further 
enhancement of the gauge algebra, see the second line of eq. (13.391) below. These 
nilpotent symmetries will be broken in the vacuum and give rise to massive vector 
fields. Later on the massive spin-1 fields will therefore be identified through their 
Goldstone scalars [62], [63] . 

2.2.2 Gauged J\f = 8 and J\f = 16 supergravity in D = 3 

In this subsection we will describe the gauged supergravities required for our analysis 
in more detail. 
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The J\f = 8 supergravity 

In the M = 8 supergravity the scalar fields are, in accordance with the coset structure 
discussed above, described by a 50(8, n) valued matrix L and are subject to local 
and global transformations ( 12. 18ft [Mj. The current covariantized with respect to the 
gauge group reads 

L~\d, + g® MM B^)L = \Q^X 1J + \q™X™ + V J ;Y Ir , (2.29) 

where (X IJ , X rs ) and Y Ir denote the compact and noncompact generators of 5*0(8, n), 
respectively. In this section I, J — 1,...,8 and r, s = l,...,n are SO (8) and SO(n) 
vector indices. The gravitinos ip A and the matter fermions X Ar carry spinor and 
conjugate spinor indices under SO (8), respectively!! The action reads 

£ = - -eR + \e^ A D^ A + -eV 1 ^ Ir - \ie X Ar ^ D , X Ar + Cos 

1 _ A 4 . . \ .... (2-30) 

+ -geA( B ^€ + igeA^x Ar l^t + ^eA ArBs X Ar X Bs + eV , 

with the Chern-Simons term £qs defined in (12.231) . The explicit expressions for A±, 
A2, A3 and the potential V in terms of B can be found in [M]- The supersymmetry 
conditions consist basically of some symmetry requirements on G [61] . 

The J\f = 16 supergravity 

We have already seen that for M = 16 the supergravity multiplet contains 16 Majo- 
rana gravitino fields ip 1 , 1 = 1, 16, and we may view J as a vector index of SO (16). 
The bosonic matter content consists of the 128 scalar fields that parametrize the 
coset space E 8 ^/ SO(16). This means they can be represented by an EWs) valued 
matrix V(x), which transforms under global £"8(8) an d local 5*0(16) transformations 
as follows: 

V(x) - gV(x)h~ 1 (x) , geE 8{8) , h(x) G 50(16) . (2.31) 

Their fermionic partners are given by 128 Majorana fermions X A , ^ = 1, ...,128, 
where A indicates the conjugate spinor index of 50(16). Specifying (12.221) to the 
N = 16 case, the maximal supergravity Lagrangian up to quartic couplings in the 
fermions is given by 

C = -i e i?+i e 7>^ + ~£^ 

+ l -eg A[ J fa V"Vtf + leg A 1 / x + \eg A AB X \ B 

+ l g s^A^ 0^(^< - \gQKcf" c vA5A*) - eV(V) . (2.32) 

4 In all other parts of this thesis these indices will instead refer to 50(16) quantities. Since the 
M = 8 notation enters only in this section, this cannot be a source of confusion. 
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As discussed above, the theory is entirely encoded in the symmetric constant matrix 
QmN- The minimal coupling of vector fields to scalars reads in the given case 

V-'D^V = V-^V + ^e^V-^V) = lQl J X IJ + V*Y A , (2.33) 

with X IJ and Y A labeling the 120 compact and 128 noncompact generators of E^rg), 
respectively!! The Yukawa couplings or fermionic mass terms in (I2.32p are defined as 
linear functions of Qmat y i a 

8 1 1 

A[ J = ^95ij + -Tik\jk , A[ = --Y j aA T u \ A , 

Af = 296 A z + ^T^ L T IJlKL , (2.34) 

with SO (16) gamma matrices and the so-called T-tensor 

T M \N = V k m V c n®k.c- (2.35) 
The scalar potential V(V) is given by 

V = (A* L A? L - X -A* A A« A ) . (2.36) 

For later use we give the condition of stationarity of this potential, as it has been 
shown in [57] 

5V = 3A{ M A% [A = A A6 A I 2 * . (2.37) 

The quartic fermionic couplings and the supersymmetry transformations of f 1 2 . 3 2 j) can 
be found in [57J. For consistency of the theory, the embedding tensor ®mN needs 
to satisfy two algebraic constraints. First, it has to satisfy the quadratic constraint 
(I2.24p . Second, 6 as an element of the symmetric £7s(8) tensor product 

(248®248) sym = 1©3875©27000, (2.38) 

is required to only live in the 1 © 3875 representation, i.e. to satisfy the projection 
constraint 

(P27000 W PQ ®vq = . (2.39) 
Explicitly, this constraint takes the form [65] 



®MAr+^VMXV™®K£ + ^r ]PQ f ,cv M f /:Q M e l c C = 0, (2.40) 
62 12 

with the i?8(8) structure constants f Mf ^ic and Cartan-Killing form 

J1 MX=}_ f MK cf C K (241) 

Any solution of (12.401) and (12.241) defines a consistent maximally supersymmetric 
theory (12.321) in three dimensions. 



3 See appendix IA. II for our E s / S \ and 5*0(16) conventions 



Chapter 3 

Massive spin-3/2-multiplets in 
supergravity 



In this chapter we will construct the effective super gravities for massive supermul- 
tiplets on AdS 3 x S 3 x S 3 x S 1 . First, in sec. 13.11 we review the solution of type 
IIB supergravity leading to this background and discuss in sec. 13.1.21 the resulting 
Kaluza-Klein spectrum. In sec. 13.21 we discuss the effective supergravities for the low- 
est multiplets, i.e. spin- 1/2 and spin-1 multiplets, and in sec. 13.31 we finally turn to 
the first massive spin-3/2 multiplet. 

3.1 IIB supergravity on Ad S3 x S 3 x S 3 x S 1 

3.1.1 The 10-dimensional supergravity solution 

First we are going to discuss the required solution of type IIB supergravity, which is 
the effective low-energy theory for the corresponding string theory. The bosonic spec- 
trum consists of the metric gMN, two 2-forms Bmn, Cmn, two scalars <p (the dilaton) 
and Co and finally a self-dual 4-form C4. Its action reads [66J (with a' = l/(27r) 2 ) 

S im = % f d w xy/=jje-**(R + 4(V0) 2 ) - 4- / e-**H A *H 

- 7T J R\ A — 7T J R 3 A *i? 3 - ^ J R 5 A*R 5 + n J C 4 A H A F 3 , 

where H 3 = dB 2 , R 1 = dC , R 3 = dC 2 - C Q H 3 , R 5 = dC A - H 3 A C 2 and F 3 = dC 2 . 
This action is actually not a true off-shell formulation of type IIB supergravity, since 
the self-duality of the 4-form has to be imposed by hand, 

*R 5 = R 5 . (3.2) 



We are now looking for solutions of the equations of motion which contain an AdS 
factor, i.e. which possess in its space-time part a maximally symmetric manifold. 
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Since the type IIB action ( 13.11) does not allow for a cosmological constant term, AdS 
spaces of generic dimension without matter sources cannot be a solution of (13. ip . 
Thus we have to give vacuum expectation values to certain matter fields in order to 
provide for the right source for the gravitational field. For the pure NS solution we 
are going to construct we set R$ = F 3 = (ft = and assume for the background metric 
the direct product AdS 3 x S 3+ x x S l , i.e. 

ds 2 = ds 2 (AdS 3 ) + R 2 + ds 2 (S 3 + ) + R 2 _ds 2 (S 3 _) + L 2 (d6) 2 . (3.3) 

The source for the metric will be given by a non-trivial vev for the 3-form flux H^. 

H = \ou> + \ + u) + + A_u;_ , (3.4) 

while all other fields are set to zero. Here ujq = (j^) 3 dt A dx 1 A dx 2 is the volume 
form on AdS$ and u± = vo^S 1 ^.) are the volume forms of the spheres. The Bianchi 
identity dH% = is trivially satisfied since all 3-forms are closed on their respective 
3-manifolds. The curvature for the AdS part is given in terms of the AdS length scale 
L by 

Rpv\p — —L Q 2 (g IM \g up — g^pQvx) , 
Rpuv = ~ 2L 2 g^ v , (3-5) 
R = -6Lq 2 . 

Similarly the curvature for the two spheres is given in terms of their radii by 

Rmnpq ^+ (,9mp9nq QmqQnp) i 

Rmn = 2i?_|_ g mn , (3-6) 
R = 6R+ 2 , 

and analogously for (with indices m, n, ...). 

Next we have to verify the equations of motion, in particular we have to compare 
the Ricci tensor with the energy-momentum tensor induced by the 3-form flux. First 
of all, among the equations of motion for the fields vanishing in the background we 
also have to check the one for <ft, since it couples to the non- vanishing if 3. Its equation 
of motion derived from (13.11) 

V7Af/„-2</»o i\ rr tjMNP 



e 



2< ^ M 0) ~ H MNP H MNP , (3.7) 



implies for = the relation HmnpH mnp = 0. The latter in turn yield with (13.41) 

l -H MNP H MNP = -X 2 + XI + X 2 _ = 0. (3.8) 
o 

Moreover, it follows from (I3.8P that the energy-momentum tensor simplifies and one 
has R = 0. Because of the direct product structure the Einstein equations can in 
turn be solved, if we set 
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which are, however, subject to the constraint ( 13.81) . Therefore the equations of motion 
for the matter fields - in this case <ft ~ imply a relation between the curvature scales 
of AdS on the one side and the internal manifolds on the other side. Thus the size of 
the internal manifolds is necessarily of the same order as the AdS space, as mentioned 
in the introduction. 

We have seen that type IIB supergravity admits a spontaneous compactification 
to a three-dimensional Anti-de Sitter space. In the next section we will discuss the 
resulting three-dimensional spectrum. 



3.1.2 The Kaluza-Klein spectrum 

Now we will turn to the Kaluza-Klein spectrum of type IIB supergravity on AdS 3 x 
S 3 x S 3 x S 1 . Usually for this one would have to expand all fields in type IIB (or rather 
of the nine-dimensional theory constructed by reducing on the S l ) into spherical 
harmonics of S 3 x S 3 and linearize the resulting couplings. Masses and spinj of the 
various fields could then be extracted. This is a technically cumbersome procedure 
and has been done explicitly, e.g., for the case AdS 3 x S 3 [57]. There is however a more 
convenient way, based on a group-theoretical analysis due to Salam and Strathdee 
[68] . The latter is applicable to all coset spaces (like the sphere S 3 = SO(A)/SO(3)), 
and can be explained as follows. 

Suppose first for simplicity that we would compactify on a group manifold G. A 
(scalar) field would then be expanded according to 

n p,q 

where g G G. The sum runs over all irreducible representations of G, labeled by n. 
Due to the Peter- Weyl theorem, in case of a group manifold the harmonics are de- 
termined by the matrix elements Dp q (g) of these irreducible representations^ This 
expansion reflects the fact that the Kaluza-Klein modes can be organized into rep- 
resentations of the isometry group. (In contrast to generic coset spaces G/H, where 
the isometry group is G, in the special case of a group manifold the isometry group is 
actually enhanced to G x G.) If one compactifies instead on a coset space G/H, the 
fields generically transform in some representation of H (which will later be identified 
with the local Lorentz group). Specifically, 

<j ) \hg)=D i J (h)^(g) . (3.11) 

This is only consistent with an expansion of the type (13.10p . if the irreducible repre- 
sentations D n (g) fulfill the condition 

D n (hg) = D(h)D n (g) , (3.12) 

lr ro be more precise, one should talk about the representations of the AdSs, isometry group. 

2 One may think of the illustrative example of a compactification on S 1 , i.e. on the group manifold 
U(l). Here the irreducible representations are labeled by an integer n according to 8 — ► e* , which 
are on the other hand the Fourier modes in which one would expand. 
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where D(h) is the representation under which <fr transforms. In other words, for a 
coset space only those representations of the isometry group will appear in the mode 
expansion that include the given representation D(h) upon restricting to H. 

Applied to a compactification on 5 3 , this gives us a criterion to determine which 
Kaluza-Klein modes actually appear [HH]- Namely, any field transforms in a represen- 
tation i? 3 of the local Lorentz group 5*0(3) of 5 3 . In the Kaluza-Klein tower then only 
those representations R4 of the isometry group £0(4) will appear, that contain R 3 
in a decomposition of R4 into 50(3) representations. For illustration let us consider 
a scalar, i.e. a singlet under the Lorentz group. Denoting the representations by spin 
quantum numbers of 50(3) and 50(4) = 50(3) x 50(3) (which contains the Lorentz 
group as the diagonal subgroup), we see that the 50(4) representations contained in 
the Kaluza-Klein tower have to be of the form since only these contain a singlet 

in the decomposition —>■ © 1 © ... © 2j. Similarly, the vector-tower contains 

also states of the form + 1) and (j + 1, j), and thus the Kaluza-Klein towers on 
top of scalars and vectors read 

— UJ) , 1 — UJ) © U,3 + 1) © (j + U) , (3.13) 

i>0 j>l/2 j>0 j>0 

and analogously for all other states. 

Next we are going to apply this procedure to the compactification of type IIB 
supergravity on AdS^ x 5 3 x 5 3 x 5 1 . The spectrum in D = 10 is organized into 
representations of the little group 50(8) and reads [6] 

(8 y - 8 S ) 2 = (8y © 8y © 85 © 85) - (85 © 8 V © 8y © 85) , (3.14) 

where the negative sign indicates fermionic states. Since we compactify also on a cir- 
cle, but take only the zero-modes here, we start effectively from the nine-dimensional 
theory, i.e. the little group is 50(7). The relevant 50(8) representations decompose 
according to 

8 y -> 1 © 7 V , 8 S -> 8 , (3.15) 

where 8 denotes the spinor representation of 50(7). The 50(7) gets actually further 
reduced to the little group of the local Lorentz group of AdS 3 x 5 3+ x 5 3 ~. As 
the little group of AdS^ becomes trivial, this means that the 50(7) gets reduced to 
50 (3) + x 50 (3) ~, so that the representations decompose as 

7y -> (0, 0) © (1, 0) © (0, 1) , 8 - (i, |) © (|, |) . (3.16) 

According to the criterion we have to associate to each of the representations of 
the Lorentz group 50(3) + x 50(3)~ appearing in the IIB spectrum the tower of 
those representations of the isometry group 50 (4) + x 50 (4) _ , which contains in the 
decomposition in representations of 50 (3) + x 50 (3) ~ the given representation of the 
Lorentz group. For instance, if we start from a field which is a scalar (0,0), we get 
the Kaluza-Klein tower 

(0,0) — (ji,J 2 ;ji,J 2 )=:7W, (3.17) 

jl>0,J2>0 
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which extends (13.131) . Here we have denoted the representations of the isometry 
groups 50(4)+ = 50(3)f x SO(3) r according to the decomposition 

G c = SO(3)t x 50(3) L x 50(3)+ x 50(3)^ (3.18) 

as (£ j [A~[ j ')£rA~r)- Specifically, the 5*0(3) x SO (3) content derived from the type IIB 
spectrum (13.141) by use of (13 . 161) reads 

T IIB = [10(0,0) © 9(1,0) © 9(0,1) © 6(1,1) © (2,0) © (0, 2)] B © 

[16(|, \) © 4(1,1) © 4(I,|)] F , ^ 9j 

where the first line contains bosonic and the second line fermionic states. The lowest 
50(4) + x 50(4)~ states appearing on top of these states are summarized in tab. 13.11 
Here h mn , etc. denote the fluctuations of the metric, the scalars, the 2-forms and 
the 4-form, respectively. We have omitted all components which do not give rise to 
propagating degrees of freedom on AdS^, and have also suppressed the components 
of the 4-form in the 5 1 direction denoted by 9, in accordance with the self-duality 
constraint. In addition, the spectrum contains the 2- form O2, whose Kaluza-Klein 
tower is identical to the one for B2 given in tab. 13.11 Note that the fields of the first 
column in tab. 13. II represent the bosonic SO (3) + x SO (3) - states in (13.1 91) Fl 

If one now associates to each of the SO (3) x SO (3) states in (I3.19P a tower of 
5*0(4) x 5*0 (4) representations as in (I3.17p . one gets the Kaluza-Klein tower, which 
can be organized into supermultiplets, as has been shown in [70]. In the present case 
there exists, however, a more concise way to describe the Kaluza-Klein tower. Instead 
of reducing each SO (7) representation to 5*0(3) x 50(3) and then lifting to a tower 
of 50(4) x 50(4) representations as explained above, the 50(7) representation can 
be lifted to a 50(8) representation, 

8 - 85 , 7 V -> 8 V - 1 , (3.20) 

and then directly reduced to 50(4) x 50(4) according to 

8 V - (§, 0; \ , 0) © (0, §; 0, §) , 85 - (|, 0; 0, \) © (0, §; \ , 0) . (3.21) 

The claim is that if one associates to each 50(8) representation Rso(8) an d the result- 
ing 50(4) x 50(4) representation Rso(4)xSOU) an entire tower of those representations 
according to 

Rso(8) — ► RsO(4)xSO(4) © Tkk , (3.22) 

where T^k denotes the Kaluza-Klein tower corresponding to the singlet defined in 
(13.171) . then this gives the same 50(4) x 50(4) content for the Kaluza-Klein tower 
as the procedure introduced in (13.171) above. 



3 For instance, the singlets in tab. GO are given by h™, h 7 ?, h^ 9 , h 99 , <f), C , b^ 9 , c^g, a^ mnk and 
a timnki i n accordance with the 10 singlets in (|3.19[) . 
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Table 3.1: The lowest KK states on top of the IIB fields. 
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This is trivially the case for the scalars. To confirm this statement in general one 
has to check explicitly that both procedures coincide for the SO (7) representations 7y 
and 8. Let us show this for 7y. Reducing it directly to £0(3) + x £0(3)~ according 
to (I3.16P and then lifting as in (13 . 1 T[) results in 

7 y — ► (0,0) © (1,0) © (0,1) (3.23) 

— ► © (ji'h'ih'h) ffi © (ji'hih'h)® © (ji>h>h>h) 

h,h<o ii<i/2j 2 <o ii<o,j 2 <i/2 

© © tii + !» ^; Ji, j 2 ) © © tiuh'Ji + !» ia) © © (Ji. J'a + !; Juh) 

jl,J2<0 jl,32<0 ilJ2<0 

© © (ji,J 2 ;ji,j 2 + i) • 

ii j2<o 

For the second procedure we first have to lift to £0(8), then reducing to £0(4) x 
£0(4) according to (13.211) and finally tensoring with the Tkk in fl3.17[) . This yields 

((±,0;i,0) © (0, |; 0,|) -(0,0; 0,0)) © © (./:-. /,../•>) • (3.24) 

jl J2>0 

and one may check explicitly that this tensor product coincides with (13. 23ft . 

Up to now we have defined an algorithm to determine the Kaluza-Klein spectrum 
in terms of representations of the £0(4) x £0(4) isometry group. Next we are going 
to use these results in order to write the entire Kaluza-Klein tower in a very compact 
form in terms of supermultiplets (see (I3.29|) below, [TO]) . However, since this group- 
theoretical procedure cannot reveal the masses of the various Kaluza-Klein states, 
we first have to comment on the required uniqueness of the supermultiplet structure. 
Standard sphere compactifications preserve maximal supersymmetry, so that for them 
massive long multiplets would contain states with spin up to 4. Therefore the Kaluza- 
Klein spectra can only be organized into (short) massive BPS multiplets, which are 
consistent with maximum spin 2. In turn, these BPS multiplets determine the masses 
of the states completely, such that the entire spectrum of supermultiplets is fixed. 
Even though the AdS 3 x £ 3 x £ 3 background is only half-maximally supersymmetric, 
we will, following [HS1 [70], nevertheless assume that the spectrum is organized into 
short multiplets. This is a reasonable assumption, since it naturally reflects the bound 
m 2 = for the massless fields in the higher-dimensional theory we started with. 

Let us first review the structure of supermultiplets on AdS 3 . As the background 
is half-maximally supersymmetric, it preserves M = 8 in D = 3, which corresponds 
to 16 real supercharges. Thus the spectrum is organized under some background 
(super-) isometry group, which in the given case turns out to be a direct product of 
two M = 4 supergroups [71] 

D 1 (2,l;a) L xD\2, l;a) R . (3.25) 



This is the required supersymmetrisation of the AdS group (I2.13p . in which each factor 
combines a bosonic £0(3) x £0(3) x SL(2, R) with eight real supercharges (see [7T] for 
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Table 3.2: The generic short supermultiplet (£ + ,£ )s of D 1 (2, l;a), with ho = j^£ + + 

a fi— 
1+a ■ 

the exact definitions). More precisely, the noncompact factors SL(2, M.)lxSL(2, M)r = 
SO (2, 2) join into the isometry group of AdS% while the compact factors build the 
isometry groups 50(4)* = 50(3)^ x 50(3)^ of the two spheres 5 3+ x 5 3 " in (1515)1 . 
Accordingly, this group will show up as the gauge group of the effectively three- 
dimensional supergravity action. The parameter a of ( 13. 25ft corresponds to the ratio 
of the radii of the two spheres 5 3 . 

The group (13.251) possesses short and long multiplets (analogously to massless 
and massive supermultiplets for Poincare supersymmetry) . A short D 1 (2,l;a) su- 
permultiplet is defined by its highest weight state (£ + ,£~) h °, where £ label spins 
of SO (3)^ and ho = + t+^ _ * s the charge under the Cartan subgroup 

5*0(1, 1) C 5L(2,IR). The corresponding supermultiplet will be denoted by (£ + ,£~)s- 
It is generated from the highest weight state by the action of three out of the four 
supercharges G a _ x , 2 (a = 1, ...,4) and carries S(£ + + £_ + A£ + £_) degrees of freedom. 
Its SO (3) ± representation content is summarized in table [3721 

The generic long multiplet (£ + ,£~)\ ng instead is built from the action of all four 
supercharges £?" x , 2 on the highest weight state and carries 16 (2£ + +l)(2£_+l) degrees 
of freedom. Its highest weight state satisfies the unitarity bound h > £ + + 

l~ . In case this bound is saturated, the long multiplet decomposes into two short 
multiplets (table I3.2p according to 

(£ + ,£-)ion g = (£ + ,£~)s © {£ + +h£-+\h- (3.26) 

The lowest short supermultiplets (0, |)g, (0, l)s, and (|, ^)s °f D l {2, 1; a) are further 
degenerate and collected in table [3~3| and similar for £ + <-» £~ , a «-> 1/a. The long 
multiplet (0, 0)i ong is given in table !3.41 Moreover, an unphysical short multiplet (0, 0)s 
can be defined in such a way that (I3.26P applies also to (0, 0)i ong = (0, 0)s © (|, |)s 
(see table [3741) . Here, negative states are understood as constraints that eliminate 
physical degrees of freedom. 

Short representations of the full supergroup (13.251) are constructed as tensor prod- 
ucts of the supermultiplets (tab. 13.21) for the left and right factors, and correspondingly 
will be denoted by (£l^l'i^w^r)s- The quantum numbers which denote the repre- 
sentations of the AdSs group 5*0(2, 2) are labeled by numbers s and A, which encode 
the AdS analogue of spin and mass, respectively. They are related to the values of 
h R and h L by s = h R - h L , A = h L + h R . 

The massive Kaluza-Klein spectrum of nine-dimensional supergravity on AdS^ x 
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Table 3.3: The lowest short supermultiplets (0, |)s, (0, l)s, and (A, A)s of D l (2, 1; a) 



S" 3 x S 13 can now be written in terms of supermultiplets. For this we use that the 
IIB spectrum (8y — 8s) 2 yields via the reduction in (13.211) a bosonic and fermionic 
SO (A) x SO (A) spectrum which coincides exactly with the content of the supermul- 
tiplet (0, 0; 0, 0)i ong , which can be easily checked with tab. 13.41 Put differently, to 
associate to each SO (8) representation of type IIB a Kaluza-Klein tower according 
to (13.221) is equivalent to take the tensor product of (0, 0; 0, 0)i ong (to which we will 
therefore refer as the fundamental multiplet) with the Kaluza-Klein tower in (I3.17p . 
Thus the full resulting Kaluza-Klein spectrum is described by 

(0,0;0,0) long ® (£ + ,£~; £ + ,£~) = (£ + , l~ ; £ + , r) long , (3.27) 

where the last equation follows from the fact that the long multiplets are given by 
tensor products of (0, 0)i ong with the highest-weight state (£ + ,£~), 

(£ + , r ) long = (0, 0) long ® (£ + , £-) . (3.28) 

This can be easily checked by use of (13.261) and table !3.4l Equivalently, as the spectrum 
is decomposable into short multiplets, it can be rewritten with (13.261) as 

(£+,£- ;£ + } £-) s © (£ + ,£-;£ + ,£-) s 
i+>o,e->i/2 £+>i/2,e->o 

© ((^ + ,r;£ + +i,r+i)s©(£ + +i,r+i;£ + ,£-)s)(3.29) 
e+,£->o 

where we have omitted the unphysical multiplet (0, 0; 0, 0)s according to tab. 13.41 
Note that the multiplets (£ + , £~; £ + , £~)s generically contain massive fields with spin 
running from to |, whereas multiplets of the type (£ + , £~; £ + + ^, £~ + represent 
massive spin-2 multiplets. 



(0,0) h I (£+,£-) 

5 (i.D (°>°) 

1 (0,1) + (1,0) \ 

1 (il) 1 -(0,0) 

2 (0,0) 



Table 3.4: The long 



multiplet (0, 0)i on g and the unphysical short multiplet (0, 0)s 
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In addition, the tower (13.291) contains (5, |; 0, 0)s ffi (0, 0; |, |)s, which is the mass- 
less supergravity multiplet. It consists of the vielbein, eight gravitinos, transforming 

as 

V>; : (i, |; 0,0) ©(0,0; |, I), (3.30) 

under A3. 18j) . and topological gauge vectors, corresponding to the SO (4) L x 50 (4) R 
gauge group. In accordance with the counting of table 13.21 it does not contain any 
physical degrees of freedom. 

In total we have seen that generically the short multiplets appearing in the Kaluza- 
Klein spectrum ( 13.291) may combine into long multiplets (13.261) [70J. This holds for 
all multiplets, except for the supergravity multiplet and one of the lowest massive 
spin-3/2 multiplets (|, | ; | , |)s, since we have omitted the unphysical short multi- 
plet (0, 0; 0, 0)s in the step from (13.271) to (13.291) . This is in contrast to other sphere 
compactifications, which preserve maximal supersymmetry. The conformal weight of 
the long representations appearing in (13.29}) is not protected by anything and may 
vary throughout the moduli space. This gives a distinguished role to the supermulti- 
plet (~, ^; |, 5j)g that we shall analyze here. 

3.2 Effective supergravities for spin- 1/2 and 
spin-1 multiplets 

Next we are going to construct the effective supergravities for the lowest Kaluza-Klein 
multiplets [72]. As the background preserves half of the supersymmetries, i.e. in total 
16 real supercharges, the theories will have Af = 8 in D = 3. 

The lowest multiplet is the massless supergravity multiplet (0, 0; ~, ~) © ( = , \\ 0, 0). 
We have already seen in sec. 12.2.11 that it is described by a Chern-Simons theory for 
the appropriate supergroup. 

Furthermore, the lowest massive multiplets in the Kaluza-Klein tower (13.291) are 
the degenerate multiplets (0, h 0, |)g and (0, 1; 0, l)g (together with (|, 0; |, 0)s and 
(1, 0; 1, 0)g), to which we will refer as the spin-| and spin-1 multiplet, respectively, in 
accordance with their states of maximal spin. Their precise representation content is 
collected in table 13.51 

To construct their respective gauged supergravities one first of all has to identify 
the corresponding ungauged theory. Since it should be an Af = 8 supersymmetric 
theory, we know already from sec. I2.2.1l the general form of the target spaces in (I2.17p . 
It remains to determine the actual dimension of this coset space, i.e. the number n 
in ( I2.17p . The two spin-| multiplets of table 13.51 contain together 16 bosonic degrees 
of freedom. This suggests that together they are effectively described by a gauging of 
the Af = 8 theory with target space 50(8, 2)/(50(8) x 50(2)). To confirm this we 
have to show that the gauge group 5*0(4) x £0(4) can be embedded into the rigid 
symmetry group 5*0(8, 2) in such a way that the induced spectrum coincides with the 
representations expected from table 13.51 As reviewed in sec. 12.2.21 the propagating 
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Table 3.5: The spin-1 multiplet (0, ^; 0, ^)s, and the massive spin-1 multiplet (0, 1; 0, l)s- 

degrees of freedom of the M = 8 theory are carried entirely by the scalars P 1 ^ and 

the fermions x Ar ■ Thus they transform under 50 (8) as 8y © 8c- And indeed, one 
verifies that the field content of (0, |; 0, |)s can be lifted from a representation of the 
gauge group (13 . 18[) to an 8y © 8c with the embedding 

8 V -> (0, §; 0, |) © (|, 0; f , 0) , 8 C - (0, §; |, 0) © (§, 0; 0, |) , (3.31) 

while the supercharges (13.301) lift to the spinor representation 85 of 5*0(8). This 
corresponds to the canonical embedding of the 50 (4) x 50 (4) gauge group (see (13 . 18[) ) 
into 50(8) according to 8y — > 4 V © 4 V , etc. Hence, the two spin-1/2 multiplets 
reproduce the field content (8 y © 8 C , 2) of the ungauged 50(8, 2)/(50(8) x 50(2)) 
theory. It remains to verify that the embedding (13.31!) of the gauge group into 50(8, 2) 
is compatible with the constraints imposed by supersymmetry on the embedding 
tensor ®mN- Along the lines of [64J it can be shown that these requirements determine 
®MAf completely up to a free parameter corresponding to the ratio a of the two sphere 
radii. The effective theory is then completely determined. Its scalar potential will 
be further investigated in chapter [5] (see also [73]) and indeed reproduces the correct 
scalar masses predicted by table 13.51 

The coupling of the spin-1 multiplets (0, 1; 0, l)s © (1, 0; 1, 0)s is slightly more in- 
volved due to the presence of massive vector fields but can be achieved by a straight- 
forward generalization of the case of a single 5 3 compactification (60j [26] . Here, the 
effective theory for 128 degrees of freedom is a gauging of the M = 8 theory with 
coset space 50(8, 8)/(50(8) x 50(8)). Again, the first thing to verify in this case is 
that the field content of (0, 1; 0, l)s © (1, 0; 1, 0)s (table 133!) can be lifted from a rep- 
resentation of the gauge group (13. 18j) as above to an (8y ©8c, 8y) of 50(8) x 50(8) 
via the embedding 

(8 V , 1) -> (0, \- 0, \) © (|, 0; i, 0) , (8c, 1) - (0, §; \, 0) © (±, 0; 0, §) , 

(1, 8 V ) - (0, i; 0, ±) © (i 0; ±, 0) , (1, 8 C ) (0, |; \, 0) © (|, 0; 0, \) (3.32) 
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This corresponds to the embedding of groups 5*0(8) x 50(8) D S0(8)d ^ 50(4) x 
50(4), where 50(8)^ denotes the diagonal subgroup of the two 50(8) factors. For 
instance, ( 13.321) implies that the bosonic part decomposes as 

(8 y , 8 V ) -> ((0, §; 0, 1) © (i, 0; |, 0)) ® ((0, §; 0, §) © (±, 0; §, 0)) (3.33) 

= (0,1; 0, 1) © (0, 1; 0, 0) © (0, 0; 0, 1) © (1, 0; 1, 0) © (1, 0; 0, 0) © (0, 0; 1, 0) 
©2-(0,0;0,0)©2-(±,|;±,±), 

in agreement with table 13.51 and its conjugate. It is important to note that the 
massive spin-1 fields show up in this decomposition through their Goldstone scalars, 
in accordance with the general discussion in 12.21 

Moreover, we have to keep in mind that in order to reproduce the correct coupling 
for these massive vector fields, the total gauge group G C 50(8,8) for the Chern- 
Simons gauged supergravity should not just be the compact factor G c A3. 18j) . but is 
rather extended by some nilpotent generators. In fact, the algebra takes the form of 
a semi-direct product 

G = O c xT 12 , (3.34) 

with the abelian 12-dimensional translation group Tyi transforming in the adjoint 
representation of G c [60]. In the AdSs vacuum, these translational symmetries are 
broken and the corresponding vector fields gain their masses in a Higgs effect. The 
proper embedding of (I3.34p into 50(8,8) is again uniquely fixed by the constraints 
imposed by supersymmetry on the embedding tensor &mjv u P to the free parameter 
a [26]. 

Finally, it is straightforward to construct the effective theory that couples both 
the spin- 1/2 and the spin-1 supermultiplets as a gauging of the theory with coset 
space 50(8, 10)/(5O(8) x 5O(10)) which obviously embeds the two target spaces 
described above. 



3.3 The spin-3/2 multiplet 

Finally we turn to the coupling of the spin-3/2 multiplet (|, |; ^, |)s, which is con- 
tained twice in the Kaluza-Klein tower (13.291) . Its 50(4) x 50(4) representation 
content is summarized in table 13.31 In analogy to the aforementioned couplings 
of the spin-| and spin-1 multiplet to M = 8 supergravity, a natural candidate for 
the effective theory might be an M = 8 gauging of the theory with coset space 
50(8, 16)/(50(8) x 50(16)), reproducing the correct number of 128 bosonic degrees 
of freedom. (The appearance of massive spin-| fields would then require some ana- 
logue of the dualization taking place in the scalar/vector sector.) Let us check the 
representation content of table 13. 6[ It is straightforward to verify that the states 
of this multiplet may be lifted from a representation of the gauge group (I3.18P to a 
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Table 3.6: The massive spin-3/2 supermultiplet (3, 5! 2' l) s- 



representation (8y © 8<7, 8y © 8c) of an 50(8)x x 50(8)# according to 

(8 y , 1) - (0, 0; 0, 0) © (0, 0; 0, 0) © (1, 0; 0, 0) © (0, 1; 0, 0) , 

(8 C , 1) - (|, |; 0, 0) © (|, §; 0, 0) , (85, 1) - (|, |; 0, 0) © (|, |; 0, 0) , 

(1, 8 y ) -> (0, 0; 0, 0) © (0, 0; 0, 0) © (0, 0; 1, 0) © (0, 0; 0, 1) , 

(1, 8 C ) -> (0, 0; |, D © (0, 0; |, |) , (1, 8 S ) ^ (0, 0; \, |) © (0, 0; |, |) (3.35) 

This corresponds to an embedding of groups according to 

SO(A) L = diag[SO(4) x SO(A)] c SO{4) x SO{4) c SO(8) L , (3.36) 

and similarly for SO (4)^. In order to be described as a gauging of the Af = 8 theory, 
the field content would have to be further lifted to the (8y©8 c , 16) of 50(8) x 50(16). 
This is only possible, if SO(8)r is entirely embedded into the S'0(16). On the other 
hand, we know from sec. I2.2.2l that the gravitino of the M = 8 theory transform in the 
(8s, 1). This in turn implies with the embedding f!3.35j) that they would decompose 
as (1,1; 0,0) © (1,|; 0,0), in contrast to the gravitinos (13.301) of the Kaluza-Klein 
spectrum. We conclude that the massive spin-3/2 multiplet cannot be described as a 
gauging of the 50(8, 16)/(50(8) x 50(16)) theory. 

Rather we will find that the effective theory describing this multiplet is a max- 
imally supersymmetric gauging of the TV = 16 theory in its broken phase. Half of 
the supersymmetry is broken down to M = 8 and correspondingly eight gravitinos 



34 



Massive spin-3/2-multiplets in supergravity 



acquire mass via a super-Higgs mechanism. As a first check we observe that the total 
number of degrees of freedom collected in table 13.61 indeed equals the 16 2 = 256 of 
the maximal theory. This is moreover in agreement with our general considerations 
in sec. 12.11 where we have argued that a consistent coupling of massive spin-3/2 fields 
requires the existence of spontaneously broken supercharges. 

More specifically, we have to check again whether an embedding of the gauge 
group can be found, that reproduces the right spectrum. In the Af = 16 theory we 
have seen that the fields are described by Pfi and x A , i- e - transforming in the spinor 
and conjugate spinor representation of SO (16). Thus the required spectrum has to 
be lifted to 128s © 128c- First we note that according to (13.351) . the total spectrum 
can be lifted to an (8 V ®8 S , 8 V ©8 C ) of SO(8) L x SO(8) R and thus further to SO(16) 
according to 

16->(8 C ,1)©(1,8 S ) , 

128 5 -> (8 y , 8 V ) © (8 S , 8 C ) , 128 c -> (8 S , 8 V ) © (8 V> 8 C ) • (3.37) 

This corresponds to the canonical embedding SO (16) D SO(8)l X SO(8)r and an 
additional triality rotation. Finally this lifts the spectrum precisely to the 128s © 
128c held content of the maximal M = 16 theory with scalar target space G/H = 
E m /SO(16). 

3.3.1 Gauge group and spectrum 

In this section, we will identify the full gauge group of the effective three-dimensional 
theory and determine its embedding into the global £>8(8) symmetry group of the 
ungauged theory. We have already seen in sec. 12.21 that in order to describe a certain 
number of massive vectors fields, which are on-shell dual to Yang-Mills fields, the 
gauge algebra has to be enlarged. Its general form has been determined in [60J and 
will be denoted by 

Go = G e K{f p ,T u ). (3.38) 

In our case, G c denotes the compact gauge group (I3.18P which from the Kaluza-Klein 
origin of the theory is expected to be realized by propagating vector fields. In the 
Chern-Simons formulation given above, this compact factor needs to be amended 
by the nilpotent translation group T v whose v = dimG c generators transform in 
the adjoint representation of G c . This allowed an alternative formulation of the 
theory (12.321) in which part of the scalar sector is redualized into propagating vector 
fields gauging the group G c , which accordingly appear with a conventional Yang-Mills 
term. The third factor T p in (13.381) is spanned by p nilpotent translations transforming 
in some representation of G c and closing into T v . This part of the gauge group is 
completely broken in the vacuum and gives rise to p massive vector fields. Specifically, 
the algebra underlying (13.381) reads 

[J™, J n ] = f mn k J k , [J m , T-] = f mn k , T-\ = , 

[J m y t Q ] = t ma a f p , [f a , f 3 ] = t a(3 m , [T— , f a ] = , (3.39) 
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with J m , T-, and T Q generating G c , T u , and f p , respectively. The f mn k are the 
structure constants of G c while the t ma ^ denote the representation matrices for the 
l~ a . Indices m, n, ... are raised/lowered with the Cartan-Killing form of G c ; rais- 
ing/lowering of indices a, (3 requires a symmetric G c invariant tensor K, af3 . 

To begin with, we have to reconcile the structure (13.381) with the spectrum col- 
lected in table EU With G c = 50(4) L x 50(4) R from (ETT8T) . T v transforms in the 
adjoint representation (1, 0; 0, 0)©(0, 1; 0, 0)0(0, 0; 1, 0)©(0, 0; 0, 1). Table [^exhibits 
34 additional massive vector fields, transforming in the 2- (~, ~; |, |) © 2- (0, 0; 0, 0) 
of G c . In total, we thus expect a gauge group G = G c k (T 34 ,T 12 ) of dimension 
dim G = 12 + 12 + 34 = 58. Next, we have to identify this group within E s ^. To 
this end, it proves useful to first consider the embedding of G c into E 8 (s) according 
to the decompositions (see appendix lAl) 

f D 50(16) D ] 
E m ^ < > 3 SO(8) L x SO(8) R (3.40) 

[ D 50(8,8) D J 

D 50(4) L x 50(4)^ 
with the two embeddings of SO(8)l x 50(8)^ given by 

50(16) : 16^ (8c, 1)0(1, 8 S ), 128 s - (8 V , 8 V ) © (8 S , 8 C ) , 

50(8, 8) : 16 -> (8 y , 1) © (1, 8 V ) , 128 5 ^ (8 C , 8 S ) © (8 S , 8 C ) . (3.41) 
Accordingly, the group E 8 /g\ decomposes as 

248 -> {(28,1) ©(1,28) ©(8c, 8 S )} © {(8 V , 8 V ) © (8 S , 8 C )} , (3.42) 

and further according to (13.351) . Here curly brackets indicate the splitting into its 
compact and noncompact part and 28 = 8 A 8. We have already discussed that 
with this embedding the noncompact part of E$(s) precisely reproduces the bosonic 
spectrum of table 13. 6[ 

In order to identify the embedding of the full gauge group G = G c x (T 34 ,T 12 ) 
we further consider the decomposition of E 8 (8) according to 

E 8{8 ) D 50(8, 8) D 50(6, 6) x 50(2, 2) D 50(6, 6) x 50(1, 1) x 50(1, 1) , (3.43) 

and its grading with respect to these two 50(1, 1) factors which is explicitly given in 
table 13.71 ^From this table we can infer that properly identifying 

Gc C 66° , T 12 = 12+ 1 , f 34 C 32+;/;; © 32^ © 1±\ © l+\ , (3.44) 

precisely reproduces the desired algebra structure (I3.39p . We have thus succeeded 
in identifying the algebra q underlying the full gauge group G = G c x (T3 4 ,T 12 ), 
which is entirely embedded in the 'upper light cone' of table 13.71 In the next section, 
we will explicitly construct the embedding tensor QmN projecting onto this algebra, 
and show that it is indeed compatible with the algebraic constraints (12.401) . (I2.24p 
imposed by supersymmetry. 
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Table 3.7: Grading of E s /&) according to 5*0(6, 6) x SO(l, 1) x 50(1, 1). For later reference, 
we denote by 50(1, l) a the factor responsible for the grading from left to right and by 
50(1, 1)& the factor responsible for the grading from top to bottom. 

3.3.2 The embedding tensor 

In this section, we will explicitly construct the embedding tensor QmM projecting 
onto the Lie algebra g of the desired gauge group G = G c x (T 34 , T 12 ) identified 
in the previous section. The embedding tensor then uniquely defines the effective 
action (12.321) . We start from the SO (4) x SO (4) basis of E 8 (g) defined in appendix [OJ 
In this basis, the grading of table 13.71 refers to the charges of the generators X 00 and 
X 00 . We further denote the generators of G c and T i2 within table 13.71 as 

66° D 3l © 3 L © 3^ © 3 R , and 12+ 1 = 3+ © 3 L © 3^ © 3^ , (3.45) 

respectively, with the labels L, R, ± referring to the four factors of ( 13. 18ft . i.e. 3 \ = 
(1, 0; 0, 0), 3~[ = (0, 1; 0, 0), etc. Similarly, we will identify the generators of T34 among 

32+$ = 16? © 16 W , 32^ = 16? © 16? , 11} = 1 , 1+} = 1+ , 

(3.46) 

where 16 denotes the (A, §; ~, \) of SO (4) X SO (4), and we use subscripts (1), (2), ± in 
order to distinguish the identical representations. The split of the 32 representations 
into two copies of the 16 is chosen such that the algebra closes according to 

[16?, 16?] C 3 L ©3~, [16?, 16?] C 3 L ®3 R , 

[16?, 16^] C 3 + ©3+, [16?, 16?] C 3 + © 3+ . (3.47) 

The embedding tensor QmM is an object in the symmetric tensor product of two 
adjoint representations of E$($). It projects onto the Lie algebra of the gauge group 
according to go = {Xm = @MN ^ ) • We start from the most general ansatz for 0^ 
that has entries only on the generators (13.451) . (13.461) . Since the Qmjv relevant for 
our theory moreover is an SO (4) x 50(4) invariant tensor, it can only have non- 
vanishing entries contracting coinciding representations, e.g. 9„+ »+, ©,„(i) 1C (2), etc. 

Using computer algebra (Mathematica), we can then implement the algebraic con- 
straint (I2.40p . As one of the main results of this chapter, we find that this constraint 
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determines the embedding tensor B with these properties up to five free constants 7, 
fa, fa, fa, fa, in terms of which it takes the forrrfl 

Q S+,3+ = Pi > 3-,3Z = ^ 2 ' @ 3+ 3+ = A* , 3 fi ,3 fl = ^ 4 ' 

e 1+il _ = 63+3+ = e s - )S - = -e 3 + 3 + = -e s - a - = 7 , 

1 1 

i 6 w,i6L 1) = _ 3^/2^ 2 + ^' e i6< 1) ,i6L 2) = ~32^^ 1+ ^' 

A priori, it seems quite surprising that the constraint (I2.40p still leaves five free 
constants in - - the 27000 representation of E 8 ^ gives rise to 1552 different 
SO (A) x 5*0(4) representations that are separately imposed as constraints on our 
general ansatz for 0. 

In order to satisfy the full set of consistency constraints it remains to impose the 
quadratic constraint (12.241) on the embedding tensor Qmjv- Again using computer 
algebra, we can compute the form of this constraint for the embedding tensor (I3.48[) 
and find that it reduces to a single condition on the parameters: 

Pi+tt = Pl + Pl- (3-49) 
This suggests a parametrisation as 

fa = Ksinai , fa = ^cosai , fa = k sin a 2 , fa = K cos ct 2 . (3.50) 

Altogether we have shown, that there is a four parameter family of maximally 
supersymmetric theories, described by the embedding tensor (I3.48j) . which satisfies 
all the consistency constraints (12.401) . (12.241) . 

For generic values of the parameters, one verifies that the rank of the induced 
gauge group is indeed 58 as expectedH In particular, (13.481) . (13.491) imply that on the 
block of 16 representations one finds 



^—= \16+* cos(|(ai-a 2 )) - 16+^ sin(|(ai — a 2 )) 



16 lQy/2 

(l6 a) cos(i(ai+a 2 )) - 16^ sin(i(ai+a 2 ))) • (3.51) 
This implies that out of the 64 generators 16+, 16+ , only the 32 combinations 

16+ = 16+ cos(|(ai — a 2 )) — 16+^ sin(|(ai — a 2 )) , 

16 = le^cos^^i+aa)) -16L 2) sin(i(a 1 + a 2 )) , (3.52) 



4 Here we have used a somewhat symbolic notation for 0, indicating just the multiples of the 
identity matrix that takes in the various blocks. 

5 Let us note that the degenerate case k = induces a theory with 14-dimensional nilpotent 
abelian gauge group, as can be seen from (|3.48[) . This particular gauge group had already been 
identified in |74j . 



38 



Massive spin-3/2-multiplets in supergravity 



form part of the gauge group. These correspond to the 2-(|, |; |, |) generators in T34. 
The complete gauge algebra spanned by the generators Xm = ®mN ^ is precisely 
of the form anticipated in ( 13.39D . 

Let us stress another important property of the embedding tensor (13.481) : it is a 
singlet not only under the SO (A) x £0(4), but also under the £0(1, 1)„ generating the 
grading from left to right in table 13.71 In other words, the resulting contracts only 
representations for which these particular charges add up to zero. As a consequence 
the gauged supergravity (I2.32j) in addition to the local gauge symmetry G = G c X 
(334,712) is invariant under the action of the global symmetry £0(1, 1) . We will 
discuss the physical consequences of this extra symmetry in section 13.3.41 below. 



3.3.3 Ground state and isometries 

In the previous section we have found a four-parameter family of solutions Qmjv (13.481) 
to the algebraic constraints (12.401) . (12.241) compatible with the gauge algebra Go = 
G c k (234,712). We will now show that the four free parameters 7, k, «i, 02, can 
be adjusted such that the theory admits an Af = (4,4) supersymmetric AdS ground 
state, leaving only two free parameters that correspond to the the radii of the two S 3 
spheres. Furthermore, expanding the action ( 12. 32ft around this ground state precisely 
reproduces the spectrum of table 13.61 

In order to show, that the Lagrangian (12.321) admits an AdS ground state, we first 
have to check the condition (12.371) equivalent to the existence of a stationary point of 
the scalar potential f l2.36H . For this in turn we have to compute the tensors Ai, A2 
and A 3 (I2.34p from the T-tensor (12.351) evaluated at the ground state V = I. At this 
point, the T-tensor coincides with the embedding tensor (13.481) . The only technical 
problem is the translation from (I3.48P in the £0(8,8) basis of appendix I A. 21 into 
the £0(16) basis of appendix IA.1[ in which the tensors A\, A 2 and A 3 are defined. 

It follows from (I3.48j) that is traceless, 8 = 0, and moreover that all components 
of 0, which mix bosonic and spinorial parts, like a w a( g, vanish. As a consequence, 
the tensor A\ is block-diagonal, and with the index split in appendix [A] its explicit 
form turns out to be 

a ij = 1 J 20 d7!/ j 7 + Faj T $i®&b\cd ^ J , (3.53) 

with £0(8) T-matrices T^, see appendix IA.3I for details. Similarly, A2 and A3 are 
also block-diagonal and can be written as 

\iA _ 1 ( 2r"-0™| /3l ; - rLr ■■©-?, ? o 



£lA _ __ Zi 7 e w d7|/3e L (3~ ( L a^cd\ab _ u | (3.54) 



and 



a Ab _ l 5 al3 Q a£lb£ + 25 ab Q a ^ m 
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Using these tensors one can now check that the ground state condition ( 12.371) is 
fulfilled if the parameters of ( 13.481) satisfy 

k 2 = I67 2 . (3.56) 

Moreover, using (I2.36P the value of the scalar potential at the ground state, i.e. the 
cosmological constant, can be computed and consistently comes out to be negative, 
V = —g 2 /2, i.e. the AdS length is given by L = 1/g. 

In the following, we will absorb k into the global coupling constant g and set 
7 = 1/4 in accordance with (I3.56p . As a result, there remains a two-parameter family 
of supergravities admitting an AdS ground state. Let us now determine the number 
of unbroken supercharges in the ground state. It is derived from the Killing spinor 
equations 

<ty£ = D.e 1 + igA{ J lfl e J = , 6 X A = gA'/e 1 = . (3.57) 

As has been shown in [57], the number of solutions to (13.571) and thus the number of 
preserved supersymmetries is given by the number of eigenvalues «j of the tensor A[ J 
with \ai\gL = 1/2. Computing these eigenvalues from the explicit form of (13.531) we 
find that the tensor A[ J may be diagonalized as 

aIJ rMflcr/ — 3 — 2 — 3 — 3 —1 —1 — 1 — 1 1111333 3l (o e.o\ 

■"■1 Uldg <; 2 , 2 , 2 , g j 2' 2 ' 2' 2'2'2'2'2'2'2'2'2J' l°-" JC V 

From this, we infer that the AdS ground state of the theory indeed preserves M = 
(4, 4) supersymmetries, as expected. The other eight gravitinos become massive 
through a super-Higgs mechanism [6T1 [63] . This implies that due to the broken 
supersymmetries eight of the spin- 1/2 fermions 

V 1 = Ai A X A , (3.59) 

transform by a shift under supersymmetry and act as Goldstone fermions that get 
eaten by the gravitino fields which in turn become massive propagating spin-3/2 fields. 
With the relation 

|A - 1| = \m\ L , (3.60) 

between the AciS* masses m and conformal dimensions A of fermions and self-dual 
massive vectors in three dimensions, (13.581) implies that the massive gravitinos cor- 
respond to operators with conformal weights (|, 2) and (2, |), in precise agreement 
with the spectrum of table 13.61 

To compute the physical masses for the spin-1/2 fermions, we observe from (I2.32p 
that their mass matrix is given by gA^ B , except for the eight eigenvalues that corre- 
spond to the Goldstone fermions (13.591) . ^From the explicit form (I3.55P one computes 
the spin-1/2 masses and verifies using (I3.60P that they coincide with those of table !3.6l 
Finally, we may check the mass spectrum for the spin-1 fields. Their mass matrix is 
given by Bab, the projection of the embedding tensor onto the non-compact part of 
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the algebra [61]. ^From (13.481) one finds by explicit computation for these eigenvalues 
46 non- vanishing values in precise accordance with table 13.61 

Altogether, we have shown the existence of a new family of gauged maximally 
super symmetric theories in D = 3, which are parametrized by the two free parameters 
«! and «2 and the overall gauge coupling constant g. These theories admit an M = 
(4, 4) supersymmetric AdS% ground state and linearizing the field equations around 
this ground state reproduces the correct spectrum of table 13.61 In particular, this 
spectrum does not depend on the particular values of a\ and One may still 
wonder about the meaning of these two parameters. From the point of view of the 
Kaluza-Klein reduction the only relevant parameter is the ratio a of the two spheres 
radii, which enters the superalgebra (13.251) . Let us thus compute the background 
isometry group by expanding the supersymmetry algebra 

{S ei ,5 €2 } = (e{ei)V M IJ eMMt Af + ... , (3.61) 

around the ground state V — I. The conserved supercharges e 1 are the eigenvectors 
of Ai from (I3.58j) to the eigenvalues ±1/2 where the different signs correspond to 
the split into left and right supercharges according to (13. 25[) . Correspondingly, the 
algebra (I3.6ip splits into two parts, L and R, with anticommutators 

{Gl 1/2L , R , G[ /2LR } = 4 {j^- R t m J J t k R + Y^f^ *u» +■■■, (3-62) 

where t^ 3 = ± \tijki denote the projectors onto selfdual and anti-selfdual gen- 
erators of SO(4) L ji corresponding to the split 50(4) = S0(3) + x 5*0 (3) ~ . This 
coincides with the anticommutators of the superalgebra D 1 (2, 1;ocl,r) [71]. Specifi- 
cally, we find the relation 

Qi = tan«i , an = tana 2 , (3.63) 

to the parameters fl3.50[) of the embedding tensor. This shows that the three-parameter 
family of theories constructed in this section exhibits the background isometry group 

D 1 (2, 1; a L ) L xD 1 (2,1; a R ) R . (3.64) 

The theories related to the Kaluza-Klein compactification on AdS% x S 3 x S 3 are thus 
given by further restricting ai = cxr = a where this parameter corresponds to the 
ratio of radii of the two spheres. 

Putting everything together, we have shown that the effective supergravity action 
describing the field content of table 13.61 is given by the Lagrangian ( 12.321) with the 
following particular form of the embedding tensor ®mN 

a 1 

0Q+ 5+ = Oo + 5+ = , , Oct- Q = © 



> L 3r>^r - /l 1 -.2 ' "* r ,3 r 3 R ,3 



1 

rr"R " R R "f"L "L'"L 4 ' 



1+,1- = @ 3+3+ = 3-3o = - 3+3+ = - 37 3 
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We have verified that this tensor indeed represents a solution of the algebraic con- 
sistency constraints (12.401) . ( 12. 24ft . The resulting theory admits an M = (4,4) super- 
symmetric AdSs ground state with background isometry group ( 13.251) at which half 
of the 16 supersymmetries are spontaneously broken and the spectrum of table [3761 is 
reproduced via a supersymmetric version of the Higgs effect. 

3.3.4 The scalar potential for the gauge group singlets 

We have identified the gauged supergravity theory, whose broken phase describes the 
coupling of the massive spin-3/2 multiplet (g, f ; §, j)s to the supergravity multiplet. 
In particular, the scalar potential ( 12.361) of the effective three-dimensional theory is 
completely determined in terms of the embedding tensor (I3.65p . In the holographic 
context this scalar potential carries essential information about the boundary con- 
formal field theory, in particular about higher point correlation functions and about 
deformations and renormalization group flows. Explicit computation of the full po- 
tential is a highly nontrivial task, as it is a function on the 12 8- dimensional target 
space £ , 8 (8)/5'0(16). For concrete applications it is often sufficient to evaluate this 
potential on particular subsectors of the scalar manifold. 

As an example, let us in this section evaluate the potential on the gauge group 
singlets. From table 13.61 we read off that there are two scalar fields that are singlets 
under the 50(4)^ x 50(4)# gauge group. Let us denote them by <pi and fo. They are 
dual to a marginal and an irrelevant operator of conformal dimension (1, 1) and (2, 2), 
respectively. In particular, the scalar <fti corresponds to a modulus of the theory. In 
order to determine the explicit dependence of the scalar potential on these fields, we 
parametrize the scalar i£g(8) matrix V as 

V = exp (0XX 05 + 2 X 5§ ) , (3.66) 

where X 00 and X 00 are the generators of the 5*0(1, l) a and 50(1, 1)& of table 13.71 
respectively. The potential is obtained by computing with this parametrisation the 
T-tensor from (12.351) . (13.651) . splitting it into the tensors A\ and A 2 according to (I2.34[) 
and inserting the result into (12.361) . 

The computation is simplified by first transforming the two singlets into a basis 
where their adjoint action is diagonal, such that their exponentials can be easily 
computed and afterwards transforming back to the 50(16) basis of appendix lA.il It 
becomes now crucial that the embedding tensor is invariant under 50(1, l) a and 
thus under the adjoint action of X 00 as we found in section [3.3.21 above. This implies, 
that the T-tensor (12.351) is in fact completely independent of <p\. In turn, neither the 
fermionic mass terms nor the scalar potential carries an explicit dependence on <\>\. 
This scalar thus enters the theory only through its kinetic term and the dual operator 
is truly marginal. 

The scalar potential (12.361) evaluated on the gauge group singlets is finally given 
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Figure 3.1: The scalar potential for the gauge group singlets 



function of (bo as 

Vfa, fa) = ^e 2 ^ (-2 + e 2 ^) . (3.67) 

The profile is plotted in Figure 13.11 Its explicit form shows that the theory has no 
other ground state which preserves the full 5*0(4) x 50(4) symmetry. 



Chapter 4 



Massive spin-2 fields and their 
infinite-dimensional symmetries 

4.1 Is there a spin-2 Higgs effect? 

We have seen in the last chapter that the massive spin-3/2 states appearing in Kaluza- 
Klein supergravities have to be described within the framework of spontaneously 
broken supersymmetry. Specifically we have seen that for Kaluza-Klein supergravity 
on AdS 3 x S 3 x S 3 the inclusion of the lowest spin-3/2 multiplet requires already 
an enhancement of supersymmetry from jV = 8toA/"=16, which in turn gets 
spontaneously broken in the Kaluza-Klein vacuum. 

Let us now turn to the similar problem of finding the effective action for spin-2 
fields. As we have discussed in sec. 12.11 their naive coupling to gravity is inconsis- 
tent, both in the massless and in the massive case. In comparison, the analogous 
inconsistencies appearing for spin-3/2 fields were avoided by the introduction of su- 
persymmetry, which linked the spin-3/2 fields with the metric in such a way that the 
entire theory becomes consistent. In consideration of the fact that the spin-2 cou- 
plings appearing in Kaluza-Klein theories have to be consistent, one might expect to 
identify a similar phenomenon for spin-2 fields. Indeed we will show the appearance 
of an infinite-dimensional spin-2 symmetry, that guarantees consistent couplings in 
the same sense as supersymmetry does for spin-3/2 fields. Even more, we will see 
that it is possible to parallel the main steps for the construction of gauged supergrav- 
ities, where the spin-3/2 fields get somehow replaced by the spin-2 fields. For this we 
will again focus on compactifications to D = 3, since here - as we have seen - the 
gauged supergravities have a more coherent form due to the topological nature of all 
'higher-spin' fields (starting with s = 1). Thus we expect similar simplifications for 
spin-2 theories. 

In order to accomplish such a program we have to show the existence of an unbro- 
ken or ungauged phase, where the spin-2 fields appear to be massless. Furthermore, 
we expect the bosonic degrees of freedom to be carried entirely by scalars, i.e. we have 
to show that even in the presence of an infinite number of spin-2 fields all appearing 
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vector fields (including the Kaluza-Klein vectors) can be dualized into scalars. After 
dualization we expect this scalar sector to exhibit an enhanced rigid symmetry, in 
analogy to supergravities, in which, e.g., the M = 16 theory carries the exceptional 
symmetry group -Es(s)- These enlarged global symmetries will presumably restrict 
the possible couplings severely. In addition, there will be a local spin-2 symmetry for 
infinitely many spin-2 fields in much the same way as one has local supersymmetry 
in an ungauged supergravity theory. The broken phase will then be constructed by 
gauging a certain subgroup of the global symmetries, or in other words by switching 
on a gauge coupling constant. This gauge coupling will later turn out to be given 
by the mass scale M characterizing the inverse radius of the internal manifold (such 
that the unbroken phase corresponds to the decompactification limit). The gauging 
in turn will modify the spin-2 symmetries by M-dependent terms and will induce a 
spin-2 mass term. The latter enables a novel Higgs effect for the spin-2 fields, which 
takes place in the same way as the super-Higgs effect in supergravity. 

In practice, we have to address the following questions, which also determine the 
organization of this chapter: 

(i) How can we identify the unbroken phase, and how is the spin-2 symmetry 
realized in this limit? In particular, how does this theory fit into the no-go 
results discussed in the literature before? 

(ii) Which global symmetry is realized on the scalar fields in this phase? 

(hi) Which subgroup of the global symmetries has to be gauged in order to get the 
full Kaluza-Klein theory? Does a formulation exist also for the gauged phase, 
where all vector and spin-2 fields appear to be topological? 

(iv) How does the spin-2 symmetry get modified due to the gauging? 

For answering question (i) we have to identify the ungauged theory with its symme- 
tries. The symmetries appearing in Kaluza-Klein theories have in part been analyzed 
by Dolan and Duff in [33], where they showed that in the simplest case of an S l com- 
pactification including all massive modes a local Virasoro algebra v corresponding to 
the diffeomorphisms on S 1 as well as the affine extension iso(l, 2) of the Poincare 
algebra appear. This Kac-Moody algebra describes the infinite-dimensional spin-2 
symmetry, which in the Kaluza-Klein vacuum will be broken to the lower-dimensional 
diffeomorphism group. Answering question (ii) we will see that the scalar fields span a 
generalization of a non-linear a-model (which we are going to make precise later) with 

target space SL(2, M)/SO(2). Thus the global symmetry group contains an enhance- 
ment of the Ehlers group SX(2,R) to its affine extension, but moreover it will also 
contain the Virasoro algebra. By gauging a certain subgroup of the global symme- 
tries, i.e. after answering question (iii), we will see that a formulation is still possible 
in which all degrees of freedom are carried by scalars. The topological Kaluza-Klein 
vectors will in turn combine with the spin-2 fields into a Chern-Simons theory for an 
extended algebra. This algebra structure will also enlighten the deformations of the 
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spin-2 transformations due to the gauging, thus answering in part question (iv). The 
strategy underlying this approach can be illustrated schematically as given below. 



Unbroken phase: 



CS theory for iso(l,2) + 
(T-model SL(2Jl) /SO{2) , 
spin-2 symmetry 



abelian duality 



Unbroken phase: 



Scalars <j) n , U(l) vectors A™, 
reduced global symmetry, 
spin-2 symmetry 



gauging 



M->0 



Broken phase: 



CS theory for extended 
algebra + gauged cr-model, 
deformed spin-2 symmetry 



non-abolian duality 



Broken phase: 
4D gravity on K 3 x S 1 , 
infinite tower of spin-2 
fields with mass scale M 



In order to get the full Kaluza-Klein theory (given in the lower right corner) 
we show how to construct the ungauged theory with its enlarged symmetry group 
(given in the upper left corner). Then we argue that via gauging part of the global 
symmetries we obtain a theory (given in the upper right corner) which is on-shell 
equivalent to the original theoryo 



4.2 Kac-Moody symmetries in Kaluza-Klein 
theories 

It has been shown by Dolan and Duff [33J that Kaluza-Klein compactification can be 
analyzed from the following point of view. The infinite tower of massive modes in the 
lower-dimensional Kaluza-Klein spectrum can be viewed as resulting from a sponta- 
neous symmetry breaking of an infinite-dimensional Kac- Moody-like algebra down to 
the Poincare group times the isometry group of the internal manifold. This infinite 
dimensional symmetry group is a remnant of the higher dimensional diffeomorphism 
group. 

To be more specific let us review Dolan and Duff's analysis applied to the case of 
a Kaluza-Klein reduction on R 3 x S 1 . We start from pure Einstein gravity in D = 4 
and split the vielbein in D = 4 as followS: 

Here we have chosen a triangular gauge and also performed a Weyl rescaling. The 
fields are now expanded in spherical harmonics of the compact manifold, which for 

1 This chapter is based on [75] , 

2 M,N,... = 0,1,2,5 denote D = 4 space-time indices, A,B,... are flat D = 4 indices and the 
coordinates are called x — (x^,9/M), where M is a mass scale characterizing the inverse radius 
of the compact dimension. Our metric convention is (+,—,—) for D = 3 and similar for D = 4. 
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S 1 simply reads 

oo oo 

n=~oo n=—oo 
oo 



(4.2) 



where we have to impose the reality constraint (0*) n = <p n an d similarly for the 
other fields. Truncating to the zero-modes, the effective Lagrangian is given by 

C = - e R® + \eg^<\>~ 2 d p <\>d v <\> - \e<^g w g vo F pv F pa , (4.3) 

where as usual F pv denotes the U(l) field strength for A p . This action is invariant 
under three-dimensional diffeomorphisms and U(l) gauge transformations. 

Let us next analyze how the four- dimensional symmetries are present in the 
Kaluza-Klein theory without any truncation. For this we notice that the diffeo- 
morphisms in D = 4, which are locally generated by a vector field £ M , are restricted 
by the topology of the assumed ground state IR 3 x S 1 to be periodic in 9. Therefore 
we have to expand similarly 



x e 



,.ind 



B(n). 



x e 



(4.4) 



The four-dimensional diffeomorphisms and local Lorentz transformations act on the 
vielbein as 

= Z N d N E* + <9 M £^ , ^ = t A b E b m . (4.5) 
By applying a four-dimensional diffeomorphism to (14. ip we get 

8^ = i»d p A p + ed 5 A p + d^A p + d,e - A p d^A p - A p d^ , (4.6) 
W = £^ + £ 5 d 5 e° + d p ee a p + + d^A p e a p . 

Moreover we have to add a compensating Lorentz transformation with parameter 
r< 5 = ~4 )1 d5^ p e p to restore the triangular gauge, 

5 r( p = 0, 8 T e a p = -A p d 5 ee a p , S T A P = -^d^g^ , (4.7) 

where as usual we have written g pu = e p e ua , but now with ^-dependent vielbein. 
Using the mode expansion for the fields in (14.21) and the transformation parameter 
in (14. 4p . one gets an infinite-dimensional Kaluza-Klein symmetry acting on the fields 
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k 

k,l 



Here ((f) ) n is implicitly defined by = J^^L-ooi^ ) n e . 

We see now that the standard Kaluza-Klein vacuum given by the vacuum expec- 
tation values 

(<W=^, (A,) = 0, (0) = 1, (4.9) 

is only invariant under rigid k = transformations, or in other words the infinite- 
dimensional symmetry is spontaneously broken to the symmetry of the zero-modes, 
i.e. to three-dimensional diffeomorphisms and a £7(1) gauge symmetry. 

To explore the group structure which is realized on the whole tower of Kaluza- 
Klein modes including its spontaneously broken part, Dolan and Duff proceeded as 
follows. Expanding the generators of the D = 3 Poincare algebra as well as those for 
the diffeomorphisms on S 1 into Fourier modes, one gets 

P n a = e md d a , J n ab = e %n \x b d a - x a d b ) , Q n = -Me m9 d e , (4.10) 

where we have used flat Minkowski indices. This implies after introducing J a = 
^e abc Jbc the following symmetry algebra 

r pm pnl _ n \ jm jm _ jc(m+n) r jm pra] _ pc(m+n) 

[ r a i r b J — u 5 [ J a i J b J — fc afec^ , [ J a i r b \ ~ ^ahc r i 

[Q m , Q n ] = iM(m - n)Q m+n , (4.11) 
[Q m , P:\ = -iMnP™ +n , [Q m , J:\ = -iMn.J^ n , 

i.e. one gets the Kac-Moody algebra associated to the Poincare group as well as the 
Virasoro algebra, both without a central extension. (For definitions see appendix [El ) 
More precisely, we have a semi-direct product of the Virasoro algebra v with the 
affine Poincare algebra iso(l, 2) in the standard fashion known from the Sugawara 
construction [76]. This algebra should be realized as a local symmetry. However, this 
latter statement is a little bit contrived since even the diffeomorphisms (i.e. the k = 
transformations) are known not to be realized in general as gauge transformations. In 



3 We will adopt the Einstein convention also for double indices m,n — — oo, ...,oo, but indicate 
summations explicitly, if the considered indices appear more than twice. 
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fact, even though the idea that general relativity should have some interpretations as 
a gauge theory has always been around [TTJ EH] , it is known that the diffeomorphism 
in general do not allow an interpretation as Yang-Mills transformations for a certain 
Lie algebra, e.g. as gauge transformations for the P a . One aim of the present chapter 
is to clarify this question in the case of a Kaluza-Klein reduction to D = 3, and we 
will see how a modification of (14.111) appears as a proper gauge symmetry. 

In summary, from this infinite-dimensional symmetry algebra only iso(l, 2) x u(l) 
remains unbroken in the Kaluza-Klein vacuum. This in turn implies that the fields 
A™ and <p n for n ^ 0, which correspond to the spontaneously broken generators £^ 
and can be identified with the Goldstone bosons. They get eaten by the spin-2 
fields elj n \ such that the latter become massive. A massless spin-2 field carries no 
local degrees of freedom in D = 3, while a massless vector as well as a real scalar each 
carry one degree of freedom in D = 3, such that in total the massive spin-2 fields 
each carry two degrees of freedom, as expected. 

4.3 Unbroken phase of the Kaluza-Klein theory 
4.3.1 Infinite-dimensional spin-2 theory 

To construct the theory containing infinitely many massless spin-2 fields coupled to 
gravity, we remember that according to (14.111) it should have an interpretation as a 

gauge theory of the Kac-Moody algebra iso(l,2). However, as we already indicated 
in the discussion at the end of the previous section, in general dimensions this is not 
a helpful statement, because not even pure gravity has an honest interpretation as a 
Yang-Mills-like gauge theory. Fortunately, as we reviewed in 12.2. H gravity in D = 3 
can in contrast be viewed as a gauge theory. In case of Poincare gravity the required 
gauge theory is a Chern-Simons theory with the Poincare group 750(1, 2) as (non- 
compact) gauge group [38J. Furthermore, the symmetries of general relativity, i.e. 
the diffeomorphisms, are on-shell realized as the non-abelian gauge transformations. 
We are going to show that correspondingly the Chern-Simons theory of the affine 

iso(l, 2) describes a consistent coupling of infinitely many spin-2 fields to gravity. 

To start with, we recall the Chern-Simons theory for a gauge connection A, which 
is given by 



The invariance of the quadratic form ( , ) then implies that under an arbitrary variation 
one has 



where T^ v = d^A v — d u A/_ t + [A^, A v ] denotes the field strength. In particular, under 
a gauge transformation 5A^ = D^u, where denotes the gauge covariant derivative 




(4.12) 




(4.13) 



D^u = d^u + [A^u] 



(4.14) 
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of an infinitesimal transformation parameter u, the action is invariant due to the 
Bianchi identity. In addition, the non- degeneracy of the quadratic form implies the 
equations of motion = 0. 

Therefore, to construct the Chern-Simons theory for iso(l, 2), we have to find such 
a quadratic form. In contrast to the AdS algebra f)2.13p . which is the direct product 
of two semi-simple Lie algebras, the existence of a non-degenerate quadratic form is 
not self-evident. However, it turns out that 

<P™ Jn = V a b 6 m '- n , (P?, If) = (J r a n , J?) = (4.15) 
defines an invariant form since the bilinear expression 

oo 

W:= P a{n) J { a ' n) (4-16) 

n=— oo 

commutes with all gauge group generators. For instance, 

oo 

[W,P b k ] = e abc P a{n) P c(k ' n) = (4.17) 

n=— oo 

can be seen by performing an index shift n — > n' = k — n, which shows that the sum 
is symmetric in a and 

We turn now to the calculation of the action, the equations of motion and the 
explicit form of the gauge transformations, which is necessary to identify the Kaluza- 
Klein symmetries and fields. The gauge field takes values in the Kac-Moody algebra, 
i.e. it can be written as 

A, = e^P: + u^j: . (4.18) 

Note, that in the description of ordinary Einstein gravity as Chern-Simons theory 
the gauge field uj^ is interpreted as the spin-connection, which like in the Palatini 
formulation is determined only by the equations of motion to be the Levi-Civita 
connection. Here, instead, we have an infinite number of 'connections' and their 
meaning will be interpreted later. 

With the invariant quadratic form defined in (14.151) . the action reads 

Scs = f d 3 x e^'eJJ (d v u<~^ - + e abc J^ oj^'^ . (4.19) 

If we define 'generalized' curvatures 

R a(n) = du a(n) + ^bcjrn) ^ ^(n-m) ^ (^Q) 

4 Upon truncating the quadratic form to the zero-modes, this reduces to an invariant form of the 
Poincare algebra, which was the one used in [38 to construct the Chern-Simons action describing 
pure Poincare gravity in D = 3. 
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the action may be written in a more compact form as 

S cs = [ ei n) A R a{ ~ n) . (4.21) 



The field equations implying vanishing field strength, J 7 ^ = 0, read in the given 
case 

f) P < n ) _ f) P a ( n ) _L F abc (n-m) (m) , abc (n-m) ( m ) _ n 

Due to the mixing of the infinitely many 'spin connections', the torsion defined by 
does no longer vanish by the equations of motion. This in turn implies that it 
is not transparent which part of the Einstein equation expresses the curvature and 
which part the energy-momentum tensor for the higher spin-2 fields. We will clarify 
this point later. 

Next we evaluate the explicit form of the gauge transformations. Introducing the 
algebra- valued transformation parameter u = p a ( n )p™ + r a W j™ ; f or the transforma- 
tions given by 5A^ = D^u one finds 

To see that these gauge transformations indeed include the spin-2 Kaluza-Klein trans- 
formations (j4.8p for M — 0, let us define for a given Kaluza-Klein transformation 
parameterized by the gauge parameters 

p a(n) = ^ e <n-k) ? T a(n) = g u <»-k) _ ^ ^ 

Then the gauge transformation (I4.23P takes the form 

X p a.(n) _ a tP a(n-k) , tPf) p a[n-k) 
ot > — u P^k ti p ^ $k U P fi p. 



c abc(n-k-m) ( m ) , _a&c, (n-k-m) ( m ) 
£ e il b ^pc + £ U pb e pc I J 



(4.25) 



where we have again performed an index shift. We see that the first term reproduces 
the correct Kaluza-Klein transformation in H4.8[) with M — 0, while the last term 
vanishes by the equations of motion (14.221) . On-shell the Kaluza-Klein transforma- 
tions are therefore realized as gauge transformations. That the symmetry is realized 
only on-shell should not come as a surprise because this is already the case for the 
diffeomorphisms |38j, which are now part of the Kaluza-Klein-symmetries. 

Thus we have determined a theory which is by construction a consistent coupling 
of infinitely many spin-2 fields. One might also ask the question whether the theory 
can be consistently truncated to a finite number of spin-2 fields, i.e. where only 
ejl , n = —N, ...,N for any finite N remain. These issues will be discussed in sec. 

KB 
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So far we have seen that the action permits a consistent spin-2 invariance. It 
remains to be checked that it can also be viewed as a deformation of a sum of free 
Pauli-Fierz Lagrangians ( 12. 1H . in particular that the first-order theory constructed 
here is equivalent to a second order action. To see this we introduce an expansion 
parameter k and linearize the theory by writing 

ef } = S; + nhf> + 0(k 2 ) , = nhf*> + 0(k 2 ) . (4.26) 

We concentrate for simplicity reasons only on the case where just are present. 

Even though this will turn out not to be consistent with the gauge symmetry in gen- 
eral, it yields correct results up to order O(k) as the corrections by the full equations 
are at least of order 0(k 2 ). Using the equations of motion for we can now 

express in terms of them. One finds upon expanding up to O(k) 

ujf > = k [e vac (d,h^ c - d v h$) + %{hMu>f> - h«M i0) (4-27) 

-\5^{h^} - + - + o(. 2 ) , 

and analogously for u;^ -1 ^. The next step would be to insert these relations into the 
equation for e£ and solve the resulting expression for the 'spin connection' uj^. 
However, due to the fact that e£ as well as o;^ are yet of order O(k), for the 
approximation linear in k we just get 

= + e^S^® + k (d,hf ] ~ duhf^ + e abc (h^ + (4-28) 

In the limit k — > this is the relation for vanishing torsion in the flat case and is 
therefore solved by = 0. Up to order O(k) we have the usual relation of vanishing 
torsion for the 'metric' hp and it can therefore be solved as in the standard case. 
But to solve the equation we have to multiply with the inverse vielbein and therefore 
up to order O(k) the solution is just the linearized Levi-Civita connection. Altogether 
we have 

c^(°) = «(lin. Levi-Civita connection) + 0(k 2 ) . (4.29) 
We can now insert this relation into the formulas (14. 27ft for ojp and get 

ufl = K [er*{d,J® - d v h$) - \e^{d p h^ d - d h™)Sfi + 0(k 2 ) (4.30) 

and analogously for Up . Finally inserting this expression into the equation of 
motion for Up to that order, i.e. 



= «9X (1) - <^< (1) , 



(4-31) 
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and multiplying with e^ v results in 

= dpfrhT - d v d x h + r] Xv Uh - r] Xu d^d p h^ + d u d u h^ x - Uh uX . (4.32) 

This coincides exactly with the equation of motion derived from the original free 
spin-2 action (12.11) in the massless case. Here we have defined h pv := 5®hua + S^h^a, 
which also results up to O(k) from the general formula for the higher spin-2 fields in 
a metric-like representation: 

Clearly, also for the linearized Einstein equation we get the free spin-2 equation, and 
therefore we can summarize our analysis by saying that the theory reduces in the 
linearization up to order O(k) to a sum of Pauli-Fierz terms. On the other hand, we 
know that the full theory has the Kaluza-Klein symmetries (14.81) which mix fields of 
different level and accordingly the full theory (I4.19P has to include non-linear cou- 
plings. This in turn implies that the higher order terms in k cannot vanish and the 
theory is therefore a true deformation of a pure sum of Pauli-Fierz terms. In sum- 
mary, one can solve the equations of motion for uj^^ at least perturbatively, thus 
giving a second-order formulation. However, it would be much more convenient to 
have a deeper geometrical understanding for the u) a u . Such a geometrical interpre- 
tation indeed exists and is based on a notion of algebra-valued differential geometry 
developed by Wald [28] , which we are going to discuss in the next section. 



4.3.2 Geometrical interpretation of the spin-2 symmetry 

Cutler and Wald analyzed in [17] the question of possible consistent extensions of a 
free spin-2 gauge invariance to a collection of spin-2 fields. This may be compared to 
the similar question of a consistent gauge symmetry for a collection of spin-1 fields. 
In this case one knows that the resulting theories are Yang-Mills theories determined 
by a non-abelian Lie algebra. Analogously it was shown in [UJ that such a spin- 
2 theory is organized by an associative and commutative algebra 21 (which should 
not be confused with a Lie algebra). Namely, the additional index which indicates 
the different spin-2 fields is to be interpreted as an algebra index, and therefore any 
collection of spin-2 fields can be viewed as a single spin-2 field, which takes values in 
a nontrivial algebra. An associative and commutative algebra 21 can be characterized 
by its multiplication law, which is with respect to a basis given by a tensor a k nm 
according to 

(v ■ w) n = a n mk v m w k , (4.34) 

where v, w £ 21. That the algebra is commutative and associative is encoded in the 
relations 

a rnn = a (mn) J a run 0, Ip = a np a ml • (4.35) 
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With respect to such a given algebra 21, the allowed gauge transformations can be 
written according to [47] as 

6$ = <9(/4? - 2^ ^ =: + V4 n) , (4.36) 

where the generalized Christoffel symbol is defined by 

r^ n , = \g ap \ (d,g pu \ + d u9p ; k - d p gj k ) , (4.37) 

and 

9fj,v n = a nmdpv • (4.38) 

We see that V M has the formal character of a covariant derivative. 

Moreover, it has been shown in [4S] that beyond this formal resemblance to an 
ordinary metric-induced connection, there exists a geometrical interpretation in the 
following sense. As in pure general relativity, where the symmetry transformations are 
given by the diffeomorphisms acting on the fields via a pullback, the transformation 
rules (I4.36P are the infinitesimal version of a diffeomorphism on a generalized manifold. 
This new type of manifold introduced in [48J generalizes the notion of an ordinary 
real manifold to 'algebra- valued' manifolds, where the algebra 21 replaces the role 
of R. To be more precise, such a manifold is locally modeled by a n-fold cartesian 
product 21™ in the same sense as an ordinary manifold is locally given by M. n . On 
these manifolds one can correspondingly define a metric which looks from the point 
of view of the underlying real manifold like an ordinary, but algebra-valued metric. 
The diffeomorphisms of these generalized manifolds act infinitesimally on the metric 
exactly as written above via an algebra- valued generalization of a Lie-derivative. This 
Lie derivative acts, e.g., on algebra- valued (1, 1) tensor fields as 

C{T^ n) = a n mk (e (m) d p T^ k) - T p } m) d p ^ {k) + T^ m) d u e (k) ) , (4.39) 

and in an obvious way on all higher-rank tensor fields. (For further details see [48J.) 
Moreover, most of the constructions known from Riemannian geometry like the cur- 
vature tensor have their analogue here. 

To check whether our theory fits into this general framework we first have to iden- 
tify the underlying commutative algebra. Due to the fact that the theory contains nec- 
essarily an infinite number of spin-2 fields, the algebra has to be infinite-dimensional, 
too, and we will assume that the formalism applies also to this case. 

We will argue that the algebra is given by the algebra of smooth functions on S 1 , 
on which we had compactified, together with the point-wise multiplication of functions 
as the algebra structured With respect to the complete basis {e in0 ,n = — oo, oo} 

5 That the spin-2 couplings arising in Kaluza-Klein compactifications might be related to Wald's 
framework in this way has first been suggested by Reuter in [79j . where he analyzed the reduction 
of a dimensionally continued Euler form in D = 6. Namely, the latter has the exceptional property 
of inducing an infinite tower of massless spin-2 fields due to the existence of an infinite-dimensional 
symmetry already in the higher-dimensional theory. 
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of functions on S , the multiplication is given due to elementary Fourier analysis by 

oo oo 

U-g) n = E f"-g m = £ 4 +m ,n/V\ (4-40) 

m=— oo fc,m=— oo 

such that the algebra is characterized by 

a\ m = 6 k+m , n . (4.41) 
This implies that the metric can be written according to (I4.38P as 

V"* = ^kmffi = gpT k) ■ (4-42) 

Now it can be easily checked that the Kaluza-Klein transformations (14. 8[) for M = 
applied to (14.331) can be written as 

69® = V»6 n) + V,ei n) , (4.43) 

i.e. they have exactly the required form. Here the connection is calculated as in 
(14.361) with respect to the algebra (14.411) . For this we have assumed that indices are 
raised and lowered according to 

ei n) = g£ k i {k)u , (4.44) 
while the inverse metric is defined through the relation 

sT \g pv k m = W • (4-45) 

With the help of this geometrical interpretation we are now also able to interpret 
the existence of an infinite number of 'spin-connections' Up] . If we assume that the 
vielbeins are invertible in the sense of (14.451) . one can solve the equations of motion 
(I4.22p for the connections in terms of ejx , as we have argued in sec. 14.3. 1[ Then 
one can define a generalized covariant derivative by postulating the vielbein to be 
covariantly constant, 

V,e« (n) = <W" } - m e a p ^ + u^e^ = . (4.46) 

Since the antisymmetric part V^e", vanishes already by the equations of motion 

(14.2211 . this requirement specifies the symmetric part of V Ai e" ( ' ri ' ) . In turn, the algebra- 
valued metric (14.331) is covariantly constant with respect to this symmetric connection, 

^/J-gip = &li9vp ~ ^ptu m9ap^ ~ ^ pp m,gav = • (4.47) 

But this is on the other hand also the condition which uniquely fixes the Christoffel 
connection in (14.371) as a function of the algebra- valued metric [H]. Altogether, the 
equations of motion for the Chern-Simons action (14. 19|) together with (|4.46[) deter- 
mine a symmetric connection, which is equivalent to the algebra-valued Christoffel 
connection (14. 37ft compatible with the metric (I4.33jl . 
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Wald also constructed an algebra-valued generalization of the Einstein-Hilbert 
action, whose relation to the Chern-Simons action (14. 19j) we are going to discuss now. 
This generalization is (written for three space-times dimensions) given by 

S m = J a™R n s^ p l dx fl A dx v A dx p , (4.48) 

where R n and e^ vp l denote the algebra- valued scalar curvature and volume form, 
respectively [48J. Applied to the algebra (14.411) it yields 



Here the volume form is given by e n = e n e fiup , where 

such that the zero-component of (I4.49[) indeed coincides with the Chern-Simons action 
(14.211) . One may wonder about the meaning of the other components of the algebra- 
valued action (14.491) . whose equations of motion cannot be neglected for generic al- 
gebras. However, the quadratic form (14.151) which has been used to construct the 
Chern-Simons action (14.191) . is actually not unique, but instead there is an infinite 
series of quadratic forms, 

(Pr,Jt)k = r] ab 6 m ' k - n , (4.51) 

each of which is invariant and can therefore be used to define a Chern-Simons action. 
These will then be identical to the corresponding components of the algebra-valued 
action ( 14.491) . But, as all of these actions imply the same equations of motion, namely 
■7>y = 0, and are separately invariant under gauge transformations, there is no need to 
consider the full algebra- valued metric, but instead the zero-component is sufficient. 

Moreover, also matter couplings can be described in this framework in a spin-2- 
covariant way. For instance, an algebra-valued scalar field <p n can be coupled via 

S^alax = J C^A^V^;^ A dx» A dx» . (4.52) 

Furthermore, (I4.52p is invariant under algebra-diffeomorphisms. The latter act via 
the Lie derivative in (14.39)) . such that the scalars transform with respect to the algebra 
(IOTP as 

= < m e (k) d P <p m = e (k) d P r- k , (4.53) 

i.e. as required by (14.81) in the phase M — > 0. Again, for the algebra (14.411) considered 
here, the zero-component of (14.521) is separately invariant and can be written as 

Scalar = J d^ x ^ n d ^ d^^ 1 = J d 3 xd6 ^8^8^ . (4.54) 
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Similarly, the Cher n- Simons action can be rewritten by retaining a formal ^-integration 
and assuming all fields to be ^-dependent. For explicit computations it is accordingly 
often more convenient to work with ^-dependent expressions and therefore we will 
give subsequent formulas in both versions. 

Finally let us briefly discuss the resolution of the aforementioned no-go theorems 
for consistent gravity/spin-2 couplings. In [45 J it has been shown that Wald's algebra- 
valued spin-2 theories for arbitrary algebras generically contain ghost-like excitations. 
Namely, the algebra has to admit a metric specifying the kinetic Pauli-Fierz terms in 
the free-field limit and moreover has to be symmetric in the sense that lowering the 
upper index in a k mn by use of this metric results in a totally symmetric a mn k = a>( mn k)- 
Requiring the absence of ghosts, i.e. assuming the metric to be positive-definite, 
restricts the algebra to a direct sum of one-dimensional ideals (which means a^ n = 
whenever m ^ n). The theory reduces in turn to a sum of independent Einstein- 
Hilbert terms. For the infinite-dimensional algebra considered here the metric is given 
by the L 2 -norm for square-integrable functions (see formula (ID.58P in the appendix), 
which is clearly positive-definite. The action may instead be viewed as an integral 
over Einstein-Hilbert terms and is thus in agreement with 



4.3.3 Non-linear cr-model and its global symmetries 

Apart from the spin-2 sector also the infinite tower of scalar fields <p n will survive in 
the unbroken limit M — > 0. We have seen in the last section how spin-2 invariant 
couplings for scalar fields can be constructed. To fix the actual form of these couplings, 
we have to identify also the global symmetries in this limit, and in order to uncover 
the maximal global symmetry, we will dualize all degrees of freedom into scalars. 

We note from (14.81) that in the unbroken phase the Virasoro algebra v parameter- 
ized by £f reduces to an abelian gauge symmetry. As a general feature of ungauged 
limits, the full v will then turn out to be realized only as a global symmetry. More 
precisely, we expect an invariance under rigid transformations of the general form 

hX n = * - (1 - &)mlx n ~ k , (4.55) 

k 

where £| is now space-time independent. One easily checks that these are repre- 
sentations of v (for details see appendix B). They will be labeled by the conformal 
dimension A. More precisely, the Kaluza-Klein fields e" and <fi transform as 
A = 1, A = — 1 and A = 2, respectively. 

We start form the zero-mode action (14.31) and replace it by the algebra-valued 
generalization discussed in the last section. For the Einstein-Hilbert term we have 
already seen that this procedure yields the correct iso(l, 2) gauge theory, and therefore 
it is sufficient to focus on the scalar kinetic term and the Yang-Mills term. The action 
reads 

5 matter = / d'xdOe (--(fF^Fp, + i^-y fy^) > ( 4 - 56 ) 
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where all fields are now ^-dependent or, equivalently, algebra-valued. 

To dualize the U(l) gauge fields A™ into new scalars ip n , we define the standard 
duality relation 

^F^ = ee^ p g pa d^ , (4.57) 

which is not affected by the ^-dependence of all fields. Thus, the abelian duality 
between vectors and scalars persists also in the algebra-valued case, and the degrees 
of freedom can be assigned to and ip. The Lagrangian for the scalar fields then 
takes in the unbroken limit M — > the form 

Acaiar = l -eg» v <P~ 2 (d^d u <P + dtf>d v <p) , (4.58) 

which coincides formally with the zero-mode action after a standard dualization, 
but now with all fields still being ^-dependent. ^From (14.571) one determines the 
transformation properties of the dual scalar ip under v and finds 

= Z 5 dn<P + 2 <pdn£ 5 > ( 4 - 59 ) 

i.e. it transforms in the same representation as <fi with A = 2. (For the computation 
it is crucial to take into account that also transforms under -0.) Now one easily 
checks that the action is invariant under global Virasoro transformations. 

Moreover, it is well known that the zero-mode scalar fields span a non-linear a- 
model with coset space SL(2,M)/ SO(2) as target space, carrying the 'Ehlers group' 
SL(2,M) as isometry group [80]. If one includes all Kaluza-Klein modes at M — 0, 
this symmetry is enhanced to an infinite-dimensional algebra, which we are going to 
discuss now. Defining the complex scalar field Z = ip + i<f>, the action (14.581) can be 
rewritten as 

Acaiar = > ( 4 - 6 °) 

which is invariant under the SL(2, R) isometries acting as 

This invariance is not spoiled by the fact that Z is still ^-dependent and so the 
SL(2, M) acts on the full tower of Kaluza-Klein modes, as can be seen by expanding 
(14.611) into Fourier modes. But moreover, also the SL(2, R) group elements can 
depend on 6, and therefore an additional infinite-dimensional symmetry seems to 
appear. 

To determine the algebra structure of this infinite-dimensional symmetry, let us 
first introduce a basis for sZ(2,R): 

I -(Si). /-(!?)■ w 
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Infinitesimally, with transformation parameter a = a(8) they act according to ( 14.611) 

as 

5 a (h)Z = -2aZ , 5 a (e)Z = -a , 5 a (f)Z = aZ 2 , (4.63) 
or, expanded in Fourier components, as 

5 am (h)Z n = -2a m Z n ~ m , 5 am (e)Z n = -5 mn a m , 
5 a m(f)Z n = a m Z n ~ m ~ l Z l . 



(4.64) 



In particular, the real part of Z, i.e. the dual scalar ip, transforms as a shift under 
e-transformations, which will later on be promoted to local shift symmetries in the 
gauged theory. 

We can now compute the closure of these symmetry variations with the Virasoro 
variations S^m[Q). One finds 

[5^m{Q),8 rj n{h)}Z k = —in5^ ri )m+n(h)Z k , 

[5^m(Q), 5 rr (e)]Z k = i(-n - 2m)5^ m+n (e)Z k , (4.65) 
[6pn(Q), 5 ri n(f)]Z k = i(-n + 2m)5^ v)m +n(f)Z k , 

where we have set 

(t v ) m+n = Of . (4.66) 

Furthermore, the extended sl(2, R) transformations close among themselves according 
to 



[6 a m (h), V( e )] zk = 25 {al3)m +n(e)Z k , 

[5 a m(h), 5[3n(f)]Z k = -25( a/ 3)m+n(f)Z k , 
[5 a m(e),5f3n(f)]Z k = 5( a p)m+n(h)Z k , 

[S am (h),5 an (h)]Z k = [6 am (e) } 6 a n(e)]Z k = [5 am (f),6 a n(f)}Z k = . 



(4.67) 



Altogether we can conclude that the following Lie algebra is a global symmetry of 
the ungauged theory 



[Q m , Q n ] = i(m - n)Q m+n , [Q m , e n ] = %{-n - 2m)e 
[Q m , hn] = -inh m+n , [Q m , f n ]=i(- n + 2m)f m+n , 

6 ra ] 2c m _|_ ra , [^mi fn\ ^fn+m > 

[^mi fn\ ^m+n j [^mi *^n] [^ni ^m] [/mi /n] 



m+n i 



(4.68) 



We see that the symmetry algebra includes not only the Virasoro algebra v, but also 
the Kac-Moody algebra sl(2, K), which transforms under -0. Note, that these transfor- 
mation properties are not the standard ones known from the Sugawara construction 
(see appendix [B] and [76]). However, this algebra reduces to the standard form upon 
the change of basis given by Q m = Q m + mh m , such that it clearly defines a consistent 
Lie algebra. 
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In summary, we can think of the scalar fields (j) n and (f n as parameterizing an 
infinite-dimensional cx-model coset space 

M = &. . (4.69) 
50(2) 

Strictly speaking this is not full truth, since the metric used to contract indices is 
actually algebra-valued. Thus, here we have an algebra-valued generalization of a o- 
model, which in turn is the reason that it does not only have the symmetries si (2, M), 
but instead the whole algebra v X sl(2, R) defined by (I4.68p . 

In total, the ungauged phase of the effective Kaluza-Klein action without any 
truncation is therefore given by 

S= [d 3 x ( - e^ef a [d^- n) - 3X ( ~ n) + e abc u^J- n - m) ) 

3 (4.70) 
+ -eg^r^d^d^ + d^d v y)) , 

where in the second term the algebra multiplication defined in (14.521) is implicit, or 
in other words, where all fields are ^-dependent and an integration over 9 is assumed. 
The action is by construction invariant under spin-2 transformations. Moreover, we 
have already seen that the scalar couplings are also invariant under global Virasoro 
transformations. To see that this is also the case for the generalized Einstein-Hilbert 
term, we have to show that one can determine the transformation rule for such 
that the action stays invariant. This is indeed possible, and one finds 

Sputf* = i J> - k KH {n ~ k) , k< = Z'deuj; . (4.71) 

k 

Equivalently, they can be computed by solving the uo^ n ^ in terms of the vielbeins 
by use of (14.221) and then applying a v transformation to this expression. Both 
results coincide. Note that instead the full algebra-valued action (14.491) transforms 
non-trivially under v, namely as 

5S m = im&S {m - n) . (4.72) 

However, as we have already seen in sec. 3.2, it is sufficient to include only the zero- 
component in (14.701) . which is clearly invariant. 



4.3.4 Dualities and gaugings 

So far we have determined the unbroken phase of the Kaluza-Klein theory in a de- 
scription where all propagating degrees of freedom reside in scalar fields. Before we 
turn to a gauging of a subgroup of the global symmetries we have to ask whether it 
is still possible to assign all degrees of freedom to scalars, since the introduction of 
gauge fields necessarily seems to enforce the appearance of local degrees of freedom 
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that are instead carried by vectors. However, in 12.2.11 we have reviewed the peculiar 
fact that in three-dimensional gauged supergravities all Yang-Mills-type gaugings are 
on-shell equivalent to Chern-Simons gaugings with an enlarged number of scalar fields 
[601 161] • Thus all bosonic degrees of freedom can still appear as scalar fields. We are 
going to show that this duality also applies to the present case. 

To begin with, we note that in the gauged theory all partial derivatives are replaced 
by covariant ones. For a given field x transforming in a representation A under v the 
covariant derivative reads 

D, X n = d» X n ~ 19 $> - (1 - mKx n ~ k , (4-73) 

k 

where we have introduced the gauge coupling g = M. Indeed, it transforms by 
construction covariantly under local v transformations, 5^(D^x n ) — w{ n ~ (1 ~~ 
A)k)^ k D^x n ~ k > if we assume as usual that A™ transforms as a gauge field under 
the adjoint (i.e. as the Kaluza-Klein vector in (14. 8p with A = —1). Similarly, the 
non-abelian v field strength is given by 

F n , v = d,Al - d u Al + ig J> - 2m)A;~ m A™ . (4.74) 

m 

These expressions are given for the Kaluza-Klein fields in ^-dependent notation by 

= <9 M - gA^doQ - 2g(pd e A^ , 
F\iv = d^A u - d u A^ - gA^d e A u + gA„d g A„ . 

The part of the gauged action containing scalar fields will be given by the co- 
variantisation of the action (14.561) according to (14.75 p . One easily checks that this 
transforms into a total ^-derivative under local ^-transformations, i.e. defines an 
invariant action. Furthermore, in appendix [C] we show by explicit reduction that 
exactly these terms appear, as well as an explicit v gauge invariant mass term for the 
spin-2 fields, i.e. the action reads (see also [8T| [36]) 

^scalar = -eg^^D^D^ - ^e<p 2 g^ g^ F, u F pa + C m . (4.76) 

To show that this action is indeed on-shell equivalent to a Chern-Simons gauged 
theory we introduce as in 12.2.11 new gauge fields for each of the former Yang-Mills 
fields, or in other words, we enhance the gauge symmetry with nilpotent shift sym- 
metries (see also [63]). To explain this dualization procedure, let us consider the 
Yang-Mills equation resulting from (I4.76P 

D^F^) = j v , (4.77) 

where j u denotes the current induced by the charged fields. It implies integrability of 
the duality relation 

le-V'Vi^ = D^tp + gB» =: V»<p , (4.78) 
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where cp will be the scalar field carrying the former degrees of freedom of A^, and 
is the gauge field corresponding to the enlargement of the gauge group. ^From the 
previous section we know already the transformation properties of <p under v, and one 
may check explicitly that it does not change in the gauged phase. In particular, also 
the dual vector B u will transform with A = 2. In other words, it transforms under the 
dual of the adjoint representation of v, which will later on turn out to be important^ 
To define the dual action we add instead of the Yang-Mills term a Chern-Simons-like 
term B A F, where F denotes the non-abelian field strength, and get 

Acaiar = \eg» l ' <j>~ 2 {D^D^ + V^V uV ) - l -ge^ p B^F up + C m . (4.79) 

Indeed, varying with respect to _B M one recovers the duality relation (14. 78 p . and elim- 
inating the dual scalar ip by means of this relation yields the Yang-Mills type theory 
(14.761) . Thus we have shown that the degrees of freedom of the A n can be assigned 
to new scalars (p n , if at the same time new topological gauge fields B™ are introduced 
that promote the former global shift transformations (i.e. the e-transformations of 

s/(2,R)) to a local symmetry. 



4.4 Broken phase of the Kaluza-Klein theory 

Up to now we have determined the action (14.701) of the ungauged theory, which is 

invariant under global v k s/(2,R) transformations as well as local spin-2 transfor- 
mations. We argued that in order to get the full Kaluza-Klein action one has to 
gauge the Virasoro algebra together with the shift symmetries of ( 14.681) . In the next 
section we discuss the effect of this gauging on the topological fields. We will see 
that they combine into a single Chern-Simons theory. As we have seen in l2.2.1l this is 
quite analogous to gauged supergravities, where truncating to the topological fields 
results in the Chern-Simons theories of [51] for AtiS'-supergroups. The scalars will be 
discussed thereafter. 



4.4.1 Local Virasoro invariance for topological fields 

As usual the gauging proceeds in several steps. First of all, one has to replace all 
partial derivatives by covariant ones. Let us start with the generalized Einstein- 
Hilbert term. The covariant derivative for u/jf^ in accordance with (14.711) reads 

in 

or equivalently 

£>X = 5 X - A A< ■ (4-81) 



6 For a definition see appendix [Bl 
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The covariantized Einstein-Hilbert action is then invariant under local Virasoro trans- 
formations. In contrast it will no longer be invariant under all spin-2 transformations, 
but only under three-dimensional diffeomorphisms. This is due to the fact that the 
explicit d§ appearing in the covariant derivatives will also act on the spin-2 transfor- 
mation parameter. Thus, the gauging will deform the spin-2 transformations. 

Furthermore, we have already seen that in order to guarantee that the resulting 
action will be equivalent to the original Yang-Mills gauged theory, one has to introduce 
a Chern-Simons term for the Kaluza-Klein vectors A™, whose propagating degrees of 
freedom are now carried by the dual scalar s ip n , as well as for the dual gauge fields 
P™. This implies that we do not have to gauge only the Virasoro algebra v, but 
instead the whole subalgebra of (14.681) . which is spanned by (Q m , e m ), while the rigid 
symmetry given by h m and f m will be broken explicitly. Both gauge fields combine 
into a gauge field for this larger algebra. Moreover, in contrast to v itself this algebra 
carries a non-degenerate invariant quadratic form, namely 

(Q m ,e n )=6 n >- m , (4.82) 

such that a Chern-Simons action can be defined. The existence of this form is due 
to the fact that e m transforms actually under the co-adjoint action of v, as we have 
argued in 3.4. We will see that the Chern-Simons action with respect to this quadratic 
form indeed reproduces the correct B A F-term in (I4.79P . 

It is tempting to ask, whether all topological fields, i.e. the gravitational fields 
together with the gauge fields for the Virasoro and shift symmetry, can be combined 
into a Chern-Simons theory for a larger algebra. The latter would have to combine 
the affine Poincare algebra with the algebra spanned by (Q m , e m ). Naively one would 

think that the semi-direct product v X iso(l,2) defined in (14. lip and extended by 
e m according to (I4.68P is the correct choice. However, it does not reproduce the 
right Kaluza-Klein symmetry transformations, and moreover, the algebra seems not 
to admit a non-degenerate and invariant quadratic form. To see that a Chern-Simons 
formulation nevertheless exists, we observe that varying the total action consisting 
of the sum of -O-covariantized Einstein-Hilbert action and B A F with respect to A^, 
we get the non-abelian field strength for P M plus terms of the form e®d 5 cu ua . Thus, 
a Chern-Simons interpretation is only possible if the latter terms are contained in 
the field strength of P M , or in other words, if the algebra also closes according to 
[P,J]~e. 

Demanding consistency with the Jacobi identities and requiring that e° and 
transform under the correct representation of v, the following Lie algebra is then 
uniquely fixed up to a free parameter a: 

[P a m , J£] = e abc P c{m+n) + tan Vab e m+n , [J™ J£] = e abc J< m+n ^ , 

[Q m , Q n ] = ig{m - n)Q m+n , [Q m , P?} = ig(-m - n)P a m+ " , (4.83) 
[Q m , J2\ = -ignJ™ +n , [Q m , e n ] = ig{-n - 2m)e m+n , 

[Pa ' ^n] [J a > ^n] [^m> ^n] • 
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Here we have rescaled the Q m with the gauge coupling constant g for later convenience. 

We see that one gets an algebra which looks similar to the one proposed in [33] 
(see (14.111) ). except that it does not contain simply the semi-direct product of v with 
the affine Poincare algebra, since the P™ and J™ transform in different representations 
of v. But in contrast to sec. 14.3.31 where we observed a similar phenomenon for the 
global symmetry algebra, there seems not to exist an obvious change of basis which 
reduces the algebra to the standard form. Namely, because of the different index 
structure the Q m can be shifted neither by P™ nor J™. In fact, that the algebra is 
consistent even in this non-standard form is possible only because of the nilpotency 
of translations, i.e. [P™, P fe n ] = 0. 

Furthermore, we observe that the algebra admits a central extension e m of the 
Poincare algebra even at the classical level. (Even though, strictly speaking, it is 
only a central extension for the Poincare subalgebra, since the e m do not commute 
with the Q m .) Remarkably, it is exactly this modification of the algebra that allows 
the existence of an invariant quadratic form. Namely, the bilinear expression 



W = P a{ - m) 4 m) + -Q m e. m (4.84) 
9 

(in particular, (Q m , e n ) = ^S m ~ n ) is invariant under (I4.83p . The total Chern-Simons 
action constructed with respect to this quadratic form, with the gauge field written 

as 

A, = efj? + lu^J: + A™Q n + B^e n , (4.85) 
is then indeed given by 

Scs = J d 3 xd6(e^ p e, a (D u u a p - D p u a u + e abc u ub u pc ) + ^ v "B^F vp ) , (4.86) 

i.e. consists of the u-covariantized Einstein-Hilbert term and the Chern-Simons action 
for and P M . 

Let us briefly comment on the reality constraints on (I4.83p . Naively one would 
take (I4.83P as real Lie algebra, and correspondingly the gauge fields in (14.851) would 
also be real. However, the reality condition (Q*) m = Q m (and similarly for all other 
generators) is not consistent, since taking the complex conjugate of (14.831) changes 
relative signs. Instead, only the reality constraint (Q*) m = Q~ m can be consistently 
imposed. This is on the other hand also in accordance with the reality condition 
for the original Kaluza-Klein fields in (14. 2p . and therefore the fields in (14.851) fulfill 



exactly the correct reality constraint. 

The equations of motion for the Chern-Simons action in (I4.86P again imply van- 
ishing field strength, 

= Rt ] J n a + T^K + F n , u Q n + G> n = , (4.87) 
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whose components can in turn be written as 

+ zgj2^-^H in ~ m) K-wJ2 mA T 



m, ,a(m) 



rpa(n) _ n a{n) _ n a(n) , abc Jn-m) ( m ) , abc (n-m) ( m ) 

F; u = d lx A n u -d 1/ Al + igJ2(n-2m)A n - m A™, 

rn 

G; u = d,B:-d u B; + tgJ2(rn-2n)A;- m B™ + tgJ2(n + m)B;- m A™ 

m m 

+ iaJ2 mef-^uj^ - ia J> - m)u«™^ . (4.88) 

m m 

Here D^et^ denotes the t)-covariant derivative on e^ n \ which is in ^-notation given 
by 

D,e a u = drf - A&e a v - e a u d 5 A, ■ (4.89) 

Moreover, all quantities can be rewritten in ^-dependent notation, e.g. the non-abelian 
field strength for B^ is given by 

= d^B u - d v B„ + 2{B tl d 5 A v - B^AJ - A&B V + A v d h B^ 

i \ (4.90) 

+ a [effiuva - eldeuj^a) . 

The gauge transformations for gauge parameter u = p a ( n )p™ -f T a(n)jn _|_ ^Q n _|_ 
A n e n can be written as 

- ignA n - m p a ^ + igne< n - m Hl , 

- igY, mA;~ m r a ^ + J> - ™K (n ~ m) d 

m m 

5 A; = d^ + tgJ2(n-2m)e m A;- m , 

m 

5B; = d,A n + l gJ2(m-2n)A m A;~ m + ig J2(n + m)e m B;- m 

m m 

+ ia me a J n - m) T^ + ia ^(m - n)^ (ri " m) p a m) . (4.91) 

m m 

Let us now check, whether the Kaluza-Klein symmetries are included in these 
gauge transformations. First of all, it reproduces the correct transformation rule for 
B^ under v, as can be seen by rewriting the last equation of (14.91 j) in ^-dependent 
notation 

5B^ = d^A — 2gAdgA^ — gA^dgA + g^dgB^ + 2gB^dg£ 5 (4.92) 
+ ae*der a - atpadou" . 
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By comparing (14.911) with (14.81) we also see that the Virasoro gauge transformations 
parameterized by £ 5 are correctly reproduced for e° and A p . To compare with the 
spin-2 transformations we define in analogy to (14.24:1) the transformation parameter 

p a = ee a p , r a = Coo a p , e = i P A p . (4.93) 

Then one finds for the vielbein 

h<% = Cd P e a p + d p ee a p + gAM"el - gA^f* - ^ , (4.94) 

which implies that on-shell, i.e. for T" = 0, the gauge transformations coincide 
with the Kaluza-Klein symmetries in (14.61) and (14. 7p . With the same transformation 
parameter and A = £, P B P we find for A p and B p the following transformation rules 
(again up to field strength terms) 

S ( A p = £ p d p A p + d^A p - gA p dei p A p , 

6^B P = ed p B p + d P i p B p - gA p dei p B p + 2gB^A p + aeffifupa , 

which reproduces for A^ the same transformation as in (14. 8p . up to the ^-dependent 
term (which, of course, cannot be contained in a Chern-Simons formulation). 

As in the case of the pure gravity-spin-2 theory, the topological phase of the 
Kaluza-Klein theory is given by a Chern-Simons theory, and moreover the Kaluza- 
Klein symmetry transformations are on-shell equivalent to the non-abelian gauge 
transformations determined by f!4.83[) . Even though this equivalence holds only on- 
shell, the Kaluza-Klein transformations are separately an (off-shell) symmetry, since 
5^A P = ^ p ^ Pf i leaves the Chern-Simons action invariant, as can be easily checked with 

Finally, let us check that spin-2 transformations together with the Virasoro trans- 
formations build a closed algebra, as it should be at least on-shell, since they were 
constructed as Yang-Mills gauge transformations. For the vielbein, e.g., one findg3 

fo, M< = %) e M - 5 (^)< > ( 4 - 96 ) 
with the parameter given by 

m p = V%£ P , (d7) 5 = ed P V 5 ■ (4.97) 

The same formula holds for A p and B p . But, for B p one also has to check the closure 
of the shift symmetries with spin-2 and here one finds 

fe, 5 A }B P = -5~ A B P - 2Ad 5 eF Pfl , (4.98) 

where 

A = ^d p K + 2Ad 5 CA p . (4.99) 
Therefore the algebra closes only on-shell, i.e. if F pv = 0. 



7 As before, we indicate Virasoro transformations by a subscript 5 on the transformation param- 
eter. 
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4.4.2 Virasoro-covariantisation for scalars 

To summarize the results of the last section, we have seen that in the gauged phase 
the spin-2 transformations of sec. 3 are no longer a symmetry due to the substitution 
of partial derivatives by covariant ones. Therefore the spin-2 transformations have 
to be deformed by (^-dependent terms. For the topological fields we have seen that 
a Chern-Simons formulation exists, which in turn yields modified spin-2 transforma- 
tions, which are consistent by construction. 

Next let us focus on the scalar fields. For them we have already noted the form 
of the covariant derivative in (14.751) . and the same formula holds for tp, but with the 
difference that it also has to be covariant with respect to the local shift symmetries 
gauged by B p . The latter act as 5\p = —gA, i.e. the covariant derivative reads in 
^-notation 



Altogether, replacing the partial derivatives in (I4.70p by covariant ones and adding 
the Chern-Simons action constructed in the last section as well as an explicit mass 
term which is known to appear (see appendix [CJ), results in 



Here we have determined the free parameter of the algebra (14.831) to be a = 2 in order 
to get the correct Chern-Simons term for A p and B p discussed in sec. 3.4. There we 
have already observed that varying this action with respect to B p one recovers the 
duality relation (14. 78 p . In turn, the equations of motion for (I4.10ip and for the Yang- 
Mills gauged action are equivalent. This can be seen directly by imposing the gauge 
(p — in (14.1011) and then integrating out B^, which results exactly in the Kaluza- 
Klein action containing the Yang-Mills term in (14.761) . Moreover, varying with respect 
to uj^ still implies = 0. This shows that uj^ can be expressed in terms of as is 
standard, but with the exception that all derivatives on are now -0-covariant. In 
the second-order formulation this means that the Einstein-Hilbert part looks formally 
the same as in sec. 14.3.41 but with all Christoffel symbols now containing -0-covariant 
derivatives. This is on the other hand also what one gets by direct Kaluza-Klein 
reduction in second-order form [36, 34J. Thus we have shown, that (I4.10ip is on-shell 
equivalent to the Kaluza-Klein action which results from dimensional reduction. 

In view of the fact that (14.1011) is manifestly v and shift invariant it remains the 
question how the spin-2 symmetries are realized. As for the case of the topological 
fields, also the cx-model action for the scalar fields will no longer be invariant under 
the unmodified spin-2 transformations for the same reasons. To find the deformed 
transformation rule for the scalars, one way is to check the closure of the algebra. 
The unmodified spin-2 transformations do not build a closed algebra with the local 
v transformations. But, if we deform the spin-2 transformation to 



V^tp = d^<p - A p d 5 p - 2pd b A p + gBp . 



(4.100) 




vp 



(4.101) 



5^ = ^d p <P + 2g<f ) d e eA p , 



(4.102) 
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the algebra closes according to 

[8$, 8 V 5\4> = 8( v $(j) - 5(^)50 , (4.103) 

i.e. exactly like in the case of the topological fields with the parameters given in 
(14.971) . The Kaluza-Klein transformations can therefore be entirely reconstructed by 
requiring closure of the algebra. The same transformation holds for the dual scalar (p. 

In the presence of matter fields we have to be careful about the closure of the 
algebra also on the gauge fields. Namely, for the pure Chern-Simons theory shift 
with spin-2 transformations in (I4.99P close on-shell (as it should), but for the theory 
constructed here the field strength does not vanish. Thus one way to get a closing 
algebra is to extend the transformation rule according to 

6' B„ = -2<pd e ^F w , (4.104) 

and all transformations close off-shell. 

Therefore we see that in the full theory the transformation rules for the vectors A p 
and B p get extended by scalar field dependent terms. That is on the other hand also 
what we already know from the symmetry variations in f!4.8[) for A™, and these terms 
will be needed in order for the full action to be spin-2 invariant. This is in complete 
analogy to the construction of gauged supergravities, where the procedure of gauging 
is only consistent with supersymmetry, if additional couplings like mass terms are 
added, while the supersymmetry variations are supplemented by scalar-dependent 
terms. However, in the present case the invariance of the Yang-Mills gauged Kaluza- 
Klein theory is guaranteed by construction, which in turn implies that the on-shell 
equivalent dual theory (14.1011) is also invariant (if one assumes transformation rules for 
B^ which are on-shell given by the variation of the left-hand side of (14.781) ). In view 
of our aim to construct the Kaluza-Klein theories for more general backgrounds, it 
would however be important to find a systematic procedure to determine the scalar- 
dependent corrections for gaugings of arbitrary diffeomorphism Lie algebras. This 
we will leave for future work, but here let us just show how the scalar- dependent 
correction in (14.1041) ensures the invariance under spin-2 for a subsector. 

For this it will be convenient to separate from the spin-2 transformations those 
parts which represent already a symmetry for each term separately. To do so we 
remember that to realize the spin-2 transformations on the topological fields as gauge 
transformations we had to switch on also the Virasoro transformations with parameter 
£ 5 = £, p A p . Now we will turn the logic around and apply a spin-2 transformation 
followed by a Virasoro transformation with parameter £ 5 = — C, p A p . Since Virasoro 
invariance is manifest, this is a symmetry if and only if spin-2 is a symmetry. One 
may easily check that on e° and <p ( as well as V 9 ) this transformation is given by 

5^ = Z p D p <f> , 
Stf = C p D p e; + D^e a p 

Here we have used (I4.89P and also introduced a Virasoro covariant derivative for 
the spin-2 transformation parameter (of which we may think as transforming as 



(4.105) 
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5^e = v 5 d 5 e), 

= d^ p - Apd,e ■ (4-106) 

We see that we get transformation rules which look formally like a diffeomorphism 
symmetry, except that all appearing derivatives are -0-covariant. In the following we 
will refer to these transformations as 'gauged diffeomorphisms'. In contrast, the gauge 
fields A p and B p transform as 

= (4.107) 

It remains the question whether actions can be constructed that are manifestly 
invariant under these transformations. To analyze this let us start with an action 
constructed from a scalar Lagrangian given by 

S = J d 3 xd6e£, (4.108) 

and moreover being invariant under local Virasoro transformations. Put differently, 
this means that the Lagrangian varies as 5^C = £, 5 d 5 £ — 2£<9 5 £ 5 under v (because 
then it transforms together with the vielbein determinant, whose symmetry variation 
reads 5^e = £, 5 d§e + 3ed^ 5 , into a total ^-derivative). By use of the 5-covariant 
derivative given by 

D p C = d p C - A p d 5 C + 2Cd 5 A p , (4.109) 

we can then evaluate the variation of the action under gauged diffeomorphisms and 
find 



S ( S = [ d 3 xd6 \{£ p D p e + eD P i P )C + e£ p D p C] = [ d 3 xd9D p (e£ p C) 
= / d 3 xd6 [d p (eCC) - d 5 (eCA p C)} = . 



(4.110) 



Thus, if one constructs an action from a Lagrangian that transforms as a scalar under 
gauged diffeomorphisms, then the action is invariant under these gauged diffeomor- 
phisms if and only if it is also invariant under local Virasoro transformations. The 
latter requirement is satisfied in our theory by construction. Thus it remains to 
be checked whether the Lagrangian transforms as a scalar. However, using (I4.105p . 
(14.1071) and [_D M , D u ](p = —2<pd 5 F pu — d 5 4>F pu , one proves that the covariant derivative 
D p <p transforms under gauged diffeomorphisms as 

S C (D^) = D^D p <t> + i p D p D p 4> - 24>d^ p F pp , (4.111) 

i.e. it does not transform like a one-form, but requires an additional piece proportional 
to F pU) which again shows that corrections have to be added to the transformation 
rules. 
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Let us consider the subsector of the theory where we rescale 

e£-/ce£, ^«- V V, (4.H2) 
and then take the limit k — > 0. The action then reads 

SUo = ^ y {-ge^ p B^F up + eg^^V^V^) . (4.113) 

However, in view of the fact that the term ~ e a p dei p oj pa in ( 14. 107ft disappears in this 
limit and with the additional contribution (14.1041) in the B p variation, the extra term 
in (I4.11ip is canceled, and the kinetic term for <p is therefore separately invariant. 
The Chern-Simons term on the other hand transforms according to (14. 13j) as 

5 6 S^ = -gJ e^F^FvpfpdsC = , (4.114) 

where we have used that a totally antisymmetric object in four indices vanishes in 
D = 3. Thus we have shown that the scalar field modification in (14.1041) is sufficient 
in order to restore the spin-2 invariance of this subsector of the theory. 



4.5 Spin-2 symmetry for general matter fields 

As we have discussed in the last section the gauging of global symmetries requires 
a deformation of the spin-2 transformations, which in turn induces a spin-2 mass 
term. This is in analogy to the gauging of supergravity, where the spin-3/2 trans- 
formations (i.e. the supersymmetry variations) have to be modified by ^-dependent 
terms, which similarly induces gravitino mass terms. However, as we have seen in 
sec. 12.2.11 the gauging of supergravity generically induces also a potential for the 
scalar fields. Therefore one may wonder whether a similar phenomenon can happen 
for spin-2 theories. In fact, so far we discussed only the theory corresponding to a 
Kaluza-Klein reduction of the Einstein-Hilbert term. For the gauging of more general 
theories - exhibiting the Kaluza-Klein action for general matter couplings already in 
the higher-dimensional theory - we will however see that a scalar potential naturally 
appears. 

To show this let us discuss the simplest example of a scalar field rj in D = 4 
coupled to gravity, 

£ = -ER + ^Eg MN d M r ] d N r ] . (4.115) 

The ungauged phase of this theory simply consists of the algebra-valued Einstein- 
Hilbert term in sec. 14.3. II coupled to a ^-dependent (or algebra- valued) kinetic scalar 
term of canonical form ^d^rjd^r] (compare eq. (14.521) ). This theory is invariant under 
the local spin-2 symmetries in 14.3.11 and rigid Virasoro transformations, which act 
on i] as 



(4.116) 
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Thus rj transforms in the A = representation of v. The gauging of v again requires 
a minimal substitution, which reads in the given case 

d^r] — ► Drf = dfl - gA^def] . (4.117) 

Under the gauged diffeomorphism of sec. 14.4.21 this covariant derivative transforms as 

StiDtf) = fDpDtf + D^ p D pV , (4.118) 

which can be shown along the lines of f)4.11ip . We see that it transforms like a 
1-form. As we have argued in the last section the corresponding action just for r\ 
will therefore be invariant under the gauged diffeomorphisms 5^rj = £ p D p r]. However, 
we know that the invariance of the Einstein-Hilbert term requires an additional 0- 
dependent variation for (see (14.71) ). This in turn will spoil the invariance of the 
scalar couplings. Namely, under S'^A^ = —^>~ 2 d^ p g PIJl one has 

% (eg^D^D^) = le^d^D^ . (4.119) 

To compensate for this one can add a scalar potential of the form 

eV(<j ) ,r ] ) = e<f ) - 2 (d 5 7 1 ) 2 , (4.120) 

which transforms as 

8z{eV) = d p {eer 2 (d 5V ) 2 ) + 2e^ 2 d£ p D p ^ , (4.121) 

and therefore cancels (14.1 19j) up to a total derivative. Altogether we have shown 
that the deformed spin-2 transformations require a scalar potential, and the matter 
couplings in the gauged phase are given by 

S[<f>, V) = \J d 3 xd6e (g pu D p T]D u r] - V{<j>, rj)) , (4.122) 

with the potential in (|4,120jl . One may also check explicitly that the Kaluza-Klein 
reduction of (I4.115P leads exactly to f)4.122j) . 

4.6 Consistent truncations and extended 
supersymmetry 

After constructing the consistent gravity-spin-2 couplings appearing in Kaluza-Klein 
theories in the broken and unbroken phase, one may ask the following question: Is 
a truncation to a finite subset of spin-2 fields possible? To answer this let us first 
review in which sense the truncation to the massless modes is justified. 

Since in standard Kaluza-Klein compactifications the higher Kaluza-Klein modes 
are much heavier than the zero-modes, they can be integrated out in an effective 
description. For this one usually assumes that this is equivalent to just setting the 
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massive modes equal to zero. Apart from the question whether this is really the 
correct approach of 'integrating out' degrees of freedom, it is not guaranteed that 
this is a consistent truncation in the Kaluza-Klein sense. The latter requires that the 
truncated theory is still compatible with the higher-dimensional equations of motion. 
More precisely, this demands that each solution of the truncated theory can be lifted 
to a solution of the full theory. To illustrate the latter, let us consider the massless 
theory resulting from an S l compactification (see (14.31) above). Setting the dilaton <p 
to a constant (as was done originally by Kaluza) implies by its equations of motion 
F^F^ = 0. This is of course not consistent with a generic solution of the Yang-Mills 
equations for = const. Thus the truncation of the dilaton is not consistent in the 
Kaluza-Klein sense, even though it is perfectly consistent by itself (just describing the 
usual Einstein-Maxwell system). In contrast it is usually assumed that the truncation 
of the massive modes is consistent. This can be seen directly for compactifications on 
tori. For them the zero-modes are simply characterized by the requirement of being 
independent of the internal coordinates. Therefore the field equations and symmetry 
variations in (14. 8[) do not mix zero-modes with massive modes, and the truncation 
is consistent. However, for compactifications on generic manifolds this is a highly 
non-trivial statement, and in general actually not true [821 E2]- In fact, an explicit 
proof requires several elaborate field redefinitions and a large number of miraculous 
identities have to be satisfied [841185] 1^1 

Let us now comment on the question whether truncations to a finite number of 
spin-2 fields might be possible. First of all, such a truncation is known not to be 
consistent in the strict Kaluza-Klein sense [82]. Nevertheless it has been proposed 
in the early literature on Kaluza-Klein theories that this truncation might still be 
consistent by itself, thus providing a circumvention of the no-go theorem also for the 
case of a finite number of spin-2 fields [H2]- The situation has been clarified in [53] and 
can be rephrased by use of the analysis in 14.3.11 as follows. The truncation to a finite 
number of spin-2 fields containing, say, all fields with level \n\ < N for fixed N, is not 
consistent in the Kaluza-Klein sense since the corresponding subset of the Kac-Moody 
algebra is simply not a subalgebra. This is actually just a different manifestation of 
the fact that the naive truncation of the corresponding Chern-Simons theory would 
allow for solutions that cannot be lifted to solutions of the full theory. However, one 
might still hope to get a theory which is consistent by itself. This would be the case if 
and only if the subset resulting from the Kac-Moody algebra by setting all generators 
with \n\ > N to zero would result in a consistent Lie algebra (albeit not being a 
subalgebra). This turns out not to be the case. Rather one finds that the Jacobi 
identity is violated, e.g. 

4\ Jt 1] ] + [[Jt 1] , 4% + Jt% = 2^ • (4-123) 

Correspondingly, the resulting Chern-Simons theory would be inconsistent @ More- 
over, (I4.123P shows that these inconsistencies appear in the ungauged but also in the 

8 Such a proof has been done explicitly for the case of Kaluza-Klein reduction of 11-dimensional 
supergravity on AdS 4 x S 7 in [86], based on results in [8Zj. See also [88l [89l [90 l |9T] . 

9 Note that the truncation to, e.g., n — 1 does result in a consistent Lie algebra, on which, 
however, the quadratic form (14.15[) degenerates. Instead there exists an alternative invariant form, 
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gauged phase, as can be seen from (14.111) and (14.831) . In analogy to the given reason- 
ing it has been argued in [93] that the consistency problems related to Kaluza-Klein 
truncations are basically the same as those related to 'higher-spin' couplings. Put 
differently, a 'higher-spin' theory resulting from Kaluza-Klein reduction represents a 
consistent Kaluza-Klein truncation if and only if it is consistent by itself. 

Let us now discuss the similar problem for massive spin-3/2 couplings. In general 
the infinite tower of spin-3/2 fields appearing in Kaluza-Klein theories would require 
also a Kac-Moody-like extension of a superalgebra as symmetry group. The resulting 
field theory would than have an infinite number of supercharges (A/" = oo), among 
which all but finitely many are spontaneously brokenj^j Even though we will not an- 
alyze the structure of these superextensions in this thesis, we can already draw some 
conclusions from the theory constructed in sec. 13.61 There we have seen that Kaluza- 
Klein supergravity on AdS3 x S 3 x S 3 consists of a tower of M = 8 supermultiplets 
(in accordance with the supersymmetry that is preserved by the background), which 
contains two spin-3/2 multiplets. While the multiplets containing fields up to spin-1 
are described by gauged M = 8 supergravities, each of the two spin-3/2 multiplets 
required already M = 16 supersymmetry. Thus the appropriate symmetry algebra 
will be some infinite-dimensional extension of the M = 8 AdS superalgebra, which 
contains two Af = 16 superalgebras as consistent truncations. Since it is natural to 
assume that the above reasoning for spin-2 couplings also applies to spin-3/2 systems, 
we are lead to expect that a truncation is consistent in the Kaluza-Klein sense if it 
is consistent by itself. Since the M = 16 theory defined in 13.61 is by construction 
consistent, this can already be interpreted as evidence that the corresponding trun- 
cation is consistent in the strict Kaluza-Klein sense. This in turn would mean that 
the infinite-dimensional extension of the M = 8 algebra contains at least two M = 16 
superalgebras as (consistent) subalgebras. 



whose Chern-Simons theory leads to the ghost-like gravity - spin-2 coupled system discussed in 
ii- 

10 For instance, the topological subsector of this Kaluza-Klein supergravity could then presumably 
be constructed as a Chern-Simons theory for the corresponding super-Kac-Moody algebra. 
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Applications for the AdS/CFT 
correspondence 



5.1 The AdS/CFT dictionary 



In the introduction we mentioned the AdS / CFT correspondence as a realization of the 
holographic principle and emphasized the importance of massive Kaluza-Klein modes. 
After discussing the construction of effective actions for massive Kaluza-Klein states, 
we are going to discuss potential applications for the AdS/CFT correspondence. 

First of all we have to explain the AdS/CFT duality more precisely. Maldacena 
originally conjectured the correspondence by considering a number N of D3 branes, 
which are on the one hand described by a U(N) Born-Infeld gauge theory, and on 
the other hand as a (solitonic) solution of supergravity. In the limit a' — > both 
descriptions leave free gravity in the bulk together with M = 4 super- Yang- Mills 
theory in 3 + 1 dimensions on the one side and type IIB supergravity on AdS$ x S 5 
(as the near-horizon limit) on the other side [TTJ [18]. Then, Maldacena concluded, 
both theories have to be equivalent. However, what does it mean exactly that these 
theories are 'dual' ? This has been clarified by Witten in [91] and by Gubser, Klebanov 
and Polyakov in [95J, which we will briefly explain in the following. 

Let us first try to understand in which sense a Minkowski space can be interpreted 
as the boundary of AdS. As in [94J we are going to discuss for simplicity reasons the 
duality in the case of euclidean AdS and Minkowski spaces. The d + 1-dimensional 
AdS space can be defined as an open unit ball Ylt=o vl < 1 in (with coordinates 
y ,...,y d ) with metric 




(5.1) 



The boundary of this space, namely the sphere S d defined by J2t=o 2/^ = 1? can in turn 
be viewed as the conformal compactification of euclidean (^-dimensional Minkowski 
space (where a point at infinity has been added). However, the metric defined in (15. ip 
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does not induce a metric on the boundary, since it becomes singular for \y\ — 1. In 
order to get a metric on the boundary which is related to ( 15.1 ft one may pick a function 
/ on the closed unit ball (i.e. on the open ball together with its boundary), which 
has a first order zero on the boundary (as, e.g., f(y) = 1 — \y\ 2 ), and then consider 
the metric ds 2 = f 2 ds 2 . The latter extends to a well defined metric on the boundary. 
But, there exists no natural choice for the function / required for defining this metric, 
and therefore the latter is only well-defined up to conformal transformations. In fact, 
any rescaling of / will induce a conformal rescaling of the metric on the boundary. 
Thus, the given metric on AdS defines a conformal structure on the boundary. 

We have seen in which way the boundary of euclidean AdS may be viewed as (the 
conformal compactification of) euclidean Minkowski space. And moreover we have 
argued that a given metric on AdS induces a conformal structure on the Minkowski 
space. This is in agreement with the claim that a gravity theory on AdS is dual to 
a conformal field theory on the boundary. Let us now examine the question how ex- 
actly two such theories might be related. As a first simple example we consider a free 
massless scalar field on AdS, i.e. a field obeying the Laplace equation V M V M = 00 
It is a well-known fact that for a given function O on the sphere there exists a unique 
solution of the Laplace equation on the ball which reduces to O on the boundary. 
Thus in the case of a scalar field there exists a one-to-one correspondence with func- 
tions 0o on S d - which will later be interpreted as sources in the CFT - and solutions 
of the Laplace equation on AdS. Similar results can be derived for gauge fields and 
also for the metric itself. For the latter the result is known as the Graham-Lee theo- 
rem. In analogy to the discussion above it states that any conformal structure on S d 
is induced by a unique metric on AdS solving the Einstein equations with negative 
cosmological constant. In total we can conclude that for all massless fields appearing 
in a supergravity theory there exists a unique solution of their equations of motion 
obeying a given set of boundary conditions, which are in turn interpreted as the data 
of a conformal field theory. 

Let us note that in accordance with this picture the symmetries on both sides of 
the duality match, since the conformal group in D dimensions, SO(2,D), coincides 
with the AdS isometry group in D + 1 dimensions. However, the D = 3 case is 
exceptional as the AdS 3 group SX(2, R) x SL(2, R) at the boundary gets enhanced 
to two copies of the Virasoro algebra |96J, corresponding to the infinite-dimensional 
conformal symmetry in two dimensions. 

As a next step we have to understand how the dynamics on both sides of the 
correspondence might be related. As the boundary data 0o should be interpreted 
as sources in the CFT, there will be couplings to a conformal field/operator O of 
the form f sd (p O. The precise form of the correspondence, as developed in [HU 155] . 
now claims that the correlation functions in the CFT are encoded in the supergravity 



lr The notion of mass is actually more subtle on AdS than recognized by this equation. For a more 
precise definition see the discussion of AdS representation in sec. 13.1.21 
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(exp / o C>)cft = exp(-S'O)) 
Js d 



(5.2) 



Here the supergravity action is evaluated on those solutions of its equations of motion 
that obey the required boundary conditions. 

So far we have discussed the AdS/CFT correspondence in case of massless fields in 
the supergravity theory. On the CFT side these fields correspond to sources 0o that 
have conformal dimension zero. This is simply due to the fact that the function / 
defining the conformal class mentioned above does not show up at all in the definition 
of 0o- Since 0o has conformal dimension zero, it follows that the conformal dimension 
of the CFT field O is d. 

Let us now turn to the case of a scalar field satisfying the massive Klein-Gordon 
equation (V M V M + m 2 )(f) = 0. For the analysis of this equation it is convenient to 
choose a coordinate system in which we introduce z according to \y\ = tanh(|) as a 
new coordinate. The boundary at \y\ = 1 then corresponds to z —>■ oo. For large z 
the Klein-Gordon equation can be written as 



where the mass is given in units of the AdS length scale L Q . Therefore, in the massless 
case there are the two independent solutions ~ 1 and ~ e~ dz . The existence of the 
constant solution is in turn the reason for the existence of a unique solution satisfying 
the given boundary conditions defined by 0o- (Roughly speaking, in an expansion 
of into harmonics each partial wave yields a given constant at infinity and adding 
these up one gets the unique solution of the Laplace equation [91].) In contrast, the 
massive case yields two independent solutions of the form ~ e A±z . Thus, one cannot 
find a solution of the massive equations of motion that approaches a given constant 
at infinity and so there exists no unique solution on AdS. As for the definition of 
the conformal structure on the boundary we may again take a function / that has 
a simple zero at the boundary. Then one can look for solutions of the equations of 
motion that behave instead like 



(An obvious example would be / ~ e z which has a zero for z — > oo.) The defini- 
tion of 0o m (15.51) depends on the choice of /. As we have seen above, a rescaling 




(5.3) 



Making the ansatz ~ e^ A d ' z this equation reduces to 




(5.4) 



~ / d " A 0o • 



(5.5) 



2 Of course, this equation has to be suitably regularized, since generically both sides are simply 
infinite [93] . See, e.g., [571 [SB] for the notion of 'holographic renormalization'. 
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/ —> e ™f induces a conformal transformation on the boundary. Since <p cannot be 
affected by such a transformation, </>o has to transform at the same time according 
to 4>q — > e w ( A ~ d )(fio- Thus we can conclude that the associated conformal operator O 
has conformal dimension A. In summary, massive fields in the super gravity theory 
correspond to fields in the CFT whose conformal dimension is given in terms of the 
mass as a real root of (15. 4p F*l 

So far we discussed the AdS / CFT correspondence in case of an unbroken conformal 
symmetry on the CFT side. However, if both theories are equivalent, the duality 
should also persist in case that certain scalars get a vev and break some part of the 
symmetry spontaneously [lUlj . Even more, a duality is expected to hold also in case 
of an explicit breaking of the conformal symmetry by the addition of mass terms 
[102] . Those deformations take the form 

C! = £ C ft + mO , (5.6) 

where O generically denotes some operator in the CFT. Correspondingly, the confor- 
mal symmetry will be broken as well as some supercharges and possibly some part 
of the gauge group. Since the conformal transformations correspond to isometries in 
the AdS bulk, a breaking of the conformal symmetry will also lead to geometrical 
deformations of the AdS space. Those deformations are given by so-called domain 
wall solutions, which have a reduced isometry group [103J . As the dual field theory is 
no longer scale- invariant, RG flows are possible. The domain- wall solutions provide 
in turn an effective tool for the analysis of RG flows and thus of more realistic aspects 
of field theories. 

Apart from that the focus has more recently turned to another type of generalized 
AdS/CFT duality. These are the so-called marginal deformations, which have been 
considered in an interesting work by Lunin and Maldacena [104] . These deformations 
preserve the conformal symmetry completely, but break some amount of supersym- 
metry and the gauge symmetry. Therefore the gravity duals are still AdS theories, 
but with a reduced internal symmetry. 

In the following we are going to discuss those marginal deformations for the gravity 
dual on AdSs x S 3 x S 3 . This is motivated by the fact that the dual conformal field 
theory is much less understood than, e.g., in the AdS 3 x S 3 case. To begin with, let 
us briefly summarize where the different versions of the AdS^/CFT 2 duality come 
from. The AdS% x S 3 geometry is - instead of the system of D3 branes mentioned 
at the beginning of this section - realized as the near-horizon limit of a system of 
parallel Dl and D5 branes. The dual field theory is relatively well understood and 
given by a non-linear a-model, whose target space is a symmetric product orbifold 
Sym Ar (M 4 ). In contrast, the AdS% x S 3 x S 3 background arises as the near-horizon 
geometry of the so-called double D1-D5 system. Its dual field theory is required 
to realize a large M = 4 superconformal algebra. The latter contains two instead 
of one affine SU(2) subalgebras, corresponding to the isometries on the second S 3 . 

3 Stability of supergravity on an Anti-de Sitter space does not require m 2 to be strictly positive, 
but just bounded from below, in accordance with the condition m 2 > — dr/4 implied by the reality 
of ([S3]). See [HI HDD] and also the discussion in [TUT] . 
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Surprisingly, this complicates the direct determination of the dual CFT. See [66] 1105] 
for possible approaches to this problem. A better understanding of the gravity dual 
might be helpful and so we turn now to the discussion of marginal deformations in 
terms of the theories constructed in chapter [3j 

In sec. I5.2l we discuss the effect of turning on some scalars in the spin-3/2 multiplet, 
which will further break half of the supercharges and some part of the gauge group. 
Similarly we discuss in sec. 15.31 a marginal deformation in the Yang-Mills multiplet, 
which will break the gauge group to its diagonal. 

5.2 Marginal J\f = (4, 0) deformations 

In this section we will focus on marginal deformations in the spin-3/2 multiplet on 
AdSs x S 3 x S 3 , whose effective Kaluza-Klein supergravity was constructed in chap- 
ter EJ 

There we have computed the scalar potential for the gauge group singlets for 
the spin-3/2 multiplet (|, §, |, |)s on AdS 3 x 5* 3 x S 3 and have moreover shown 
that the ground state with all scalars having vanishing vacuum expectation value 
breaks already half of the supersymmetry. In order to study deformations of the dual 
CFT, it would be interesting to analyze different ground states, which break further 
symmetries and where in addition some of the scalar fields get a vev. For this one has 
to compute and to minimize the scalar potential on these fields. In order to be sure 
that such a minimum of a truncated sector is also a ground state of the full theory, 
the truncation has to include all scalars that are singlets under a subgroup of the 
symmetry group [106] . 

Here this is the case, e.g., for the six scalars transforming as (0, 0, 1, 0) © (0, 0, 0, 1) 
(in addition to the two singlets we have already discussed), because these are singlets 
under SO (4)^. Let us give a vev to all of these six scalar fields. Then in turn we can 
use a 5*0(3) + x SO(3)~ rotation to bring them into the forrrfl 




This ground state breaks spontaneously SO (3) x 50(3) — > 5*0(2) x 5*0(2), which 
implies that four of the gauge fields will become massive in a Higgs effect. This in 
turn requires the existence of four scalar fields that can act as Goldstone bosons. 
For the choice (15.71) of the ground state these Goldstone bosons are given by the 
fluctuations around (15.71) in the 2/3 component, whereas the fluctuations around the 
1-component describe the Higgs fields, i.e. we get in total two Higgs fields and four 
Goldstone bosons, exactly as required. Moreover, we expect the scalar potential not 
to depend on the Goldstone bosons, i.e. on the 2/3 component. But we could have 



We will show explicitly that even in the case of a non-linearly realized symmetry such a trans- 
formation always exists. 
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chosen each component as the Higgs field initially, while the other two would then act 
as Goldstone bosons, not entering the scalar potential. This in turn implies that the 
potential will also not depend on these scalars, in particular not on the Higgs field, 
which therefore stays massless. This one can also verify directly, by computing the 
T-tensor for + and 0_ and proceeding as in sec. 13.3.41 



5.2.1 Non-linear realization of SO{3)+ x SO(3)~ 

In the following we are going to analyze how the spontaneously broken 50(3) + x 
50 (3) _ symmetry is realized. For this we compute first the metric for the a- model 
scalar manifold, which is spanned by the eight scalar fields that are singlets under 
SO(4:)l - denoted by 0i,...,0s. This can be done by computing the corresponding 
-Eg^-valued group element V and extracting from the non-compact part P^ of the 
current V~ 1 D fJ V the metric via 



^{cfyD^D^ = \p» A P* , i,j = 1,...,8 . (5.8) 
One finds a metric of the form 

ds 2 = 15 (d<j>\ + d<p 2 2 + 2 cosh 2 ^ 1 ~^ 2 )ds 2 6 ) , (5.9) 



which is a warped product of a flat two-dimensional space with the six-dimensional 
space given by 

dsl = cosh 2 04 cosh 2 05 cosh 2 6 cosh 2 7 cosh 2 8 <i03 (5.10) 

2 2 2 2 2 

+ COsh 05 COsh 06 COsh 07 COsh 08G?04 

✓A i~i T-\ ^ ✓A i~i T-\ ^ ✓A ^ 



+ cosh 06 cosh 07 cosh 

+ COsh 2 07 COsh 2 08<i06 

+ cosh 2 ' ' 2 



7 



+ 



We are going to show that this space is nothing else than the coset space 5*0(1, 6) / 50(6) 
or in other words the euclidean six-dimensional Anti-de Sitter space. The latter can 
be defined as a hypersurface in a seven- dimensional Minkowski space spanned by 
Xo, ...,Xq and carrying the 50(1,6) invariant metric 

ds 2 = -dX 2 + dX 2 + dX 2 + dX 2 + dX\ + dX 2 + dX 2 . (5.11) 

This six-dimensional hypersurface is given by 

- X 2 + X\ + X\ + Xl + X\ + X 2 + X 2 = -1 . (5.12) 
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If we parametrize the surface ( 15.121) by the following coordinates 

X = cosh if) cosh u cosh t cosh cosh 6 cosh x , 
X\ = cosh if) sinh u; cosh cosh 6 cosh x , 

X 2 = sinh -0 cosh cosh 6* cosh x , (5.13) 

X3 = cosh if) cosh u sinh t cosh <f> cosh cosh x , 

X4 = sinh cosh cosh x , X 5 = sinh # cosh x , X 6 = sinh x ■ 

and identify 3 = i, 4 = 5 = -0, 6 = 0, 7 = 6> and 8 = x> ^ ne metric which is 
induced by (15.111) on (15.121) is given exactly by (15.101) . 

This manifold contains two three-dimensional submanifolds, which correspond to 
the two triplets in (0,0,1,0) © (0,0,0,1). Namely, if we set = 6 = x = 0, this 
defines a submanifold with metric 

ds\ = cosh 2 05 cosh 2 4 <i0 2 + cosh 2 05(i0 2 + d(f>\ . (5-14) 

The latter is also a coset space, namely SO(l,3)/SO(3), which can be seen in com- 
plete analogy to the manifold considered above: If we define a three-dimensional 
hypersurface in a four- dimensional Minkowski space, which is parametrized by (15. 13)) 
with = 9 = x — 0, the induced metric is given by (I5.14p . The same is true for the 
second triplet, i.e. the submanifold given byi = u; = '0 = Ois also 5*0(1, 3)/SO(3). 

Now we can also examine how the SO(3) ± acts as an isometry on the scalar fieldsJU 
It is sufficient to discuss the case of one triplet of scalar fields, i.e. the case where 
the coset space is reduced to SO(l,3)/SO(3). Then the isometry group is clearly 
given by 5*0(1, 3) and its subgroup 50(3) is characterized by the requirement that X 
remains invariant. This implies in particular that the combination cosh if> cosh u cosh t 
is invarariant under the non-linear action of 50(3), as can be seen from (15.131) 1^1 
Furthermore it is the only invariant, since it is equal to X\ + X\ + X\ + 1 and apart 
from the latter there are no other independent 50(3) invariants. Similarly we can 
derive the following: Making an 50(3) transformation on X = (Xi, X 2 , X 3 ) to bring 
it into the form X = (0, 0, \X\) implies for the coordinates of 50(1, 3)/50(3) 

t = Arsinh f -^=\X\ J , u) = , ^ = 0. (5.15) 



60 

This in turn implies that it is sufficient to evaluate all expressions only on one of the 
scalar fields, say 3 = t, because by use of the 50(3) symmetry the others can be 
set to zero (as one would expect for Goldstone bosons). Afterwards all expressions 
containing only t can be 'covariantized' by use of the rule 



t — ► Arsinh y cosh ^cosh cucosh t — 1. (5.16) 

In the following we will therefore evaluate all expressions only for the case 04 = 05 = 
and similarly for the second triplet. 



5 Note, that these scalar fields do not build a linear representation of 5*0(3). 

6 One may also check explicitly that the action of the non-linear SO (3) coset space symmetries 



explained in sec. 12.21 leaves this combination invariant. 
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5.2.2 Resulting M = (4,0) spectrum 

That the SO(4)r symmetry is broken implies that also some amount of the super- 
symmetry of the right factor of the supergroup will be broken, because M = 4 su- 
persymmetry in the AdS background is not consistent without the required internal 
symmetries. To determine the amount of unbroken supersymmetry, we use that the 
number of solutions of (Siffp) = in the Anti-de Sitter background is given by the 
number of eigenvalues of A x that are equal to ±1. One finds 



+ 2/i H 
+ 2h_ 

- 2/i H 

- 2h. 



:#2) 
:#2) 
;#2) 
;#2) 
:#4) 
;#4) 



(5.17) 



with 



1 1 

+ 



2 2VT+^ 
We have also made a field redefinition given by 



cosh (b-i + a cosh </> 6 ± 2a sinh 6^ sinh < 



. (5.1* 



sinh i 



sinh cosh < 



(5.19) 



This implies that all supercharges of the right factor are spontaneously broken, 
i.e. the whole supergroup is broken to 

D 1 (2, l\a) L x J D 1 (2, l\a) R -> D 1 (2, l\a) L x SL(2, x SO(2)+ x 50(2)^ , (5.20) 

and the theory has a residual M = (4, 0) supersymmetry. 

We will now turn to the question, how the supermultiplets rearrange under the 
reduced symmetry. So far everything has been expressed in terms of short multiplets 
of -D 1 (2, l|a). But due to the fact that some additional fields get massive we also have 
to expect the appearance of long multiplets. The general structure of these multiplets 
in terms of their highest-weight states h and ho — \ is given in tab. 15.11 Let us 



h 




ho 
ho + l 

ho + l 

ho + l 
h + 2 


(0,0) 

V2' 2' 

(1,0)0(0,1) 

V2' 2> 

(0,0) 



h 

"X" 

2 
1 

3 
2 
2 



(iTi) 

;i, o)©(o,i) ®(o,o) 

(0,0) 



Table 5.1: Long and short Af = (4, 0) multiplets 
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denote them by [ho]i and [0] s , respectively. Due to the fact that no supersymmetry 
of the right factor survives, the 16 2 = 256 degrees of freedom will assemble into 16 
supermultiplets, each of them containing 16 degrees of freedom. The precise form of 
the resulting M = (4, 0) multiplets, in particular the shifted values for the conformal 
dimensions, can be extracted from the mass spectrum of the spin-3/2 and vector fields. 
The former we have already computed in (I5.17p . while the latter can be extracted 
from the eigenvalues of the non-compact part of the T-tensor. Altogether one finds 
that the spin-| multiplet (|, |)s decomposes under J\f — (4, 4) — > J\f — (4,0) 
into 



% ±, |, i) s - 2[/i + ], ® {h+ + i) © 2[h~\i ® (h- + 1; 

© 2[/i + ], © + |) © 2[h~]i ® (h- + |; 

® 2[h% ® (h 3 + 1) © 2[/i 4 ] z ® (/i 4 + l) 

© [0], (g)(2) © 3[0] s ® (1) , 



(5.21) 



where each supermultiplet of .D 1 (2, 1 |a)x is tensored with a representation of SL(2, R) , 
characterized by its conformal dimension /i. Here the multiplets in the first two 
lines are massive spin-3/2 multiplets, containing one gravitino, 4 vectors, 7 spin- 
1/2 fermions and 4 scalars. The multiplets in the third and fourth line are massive 
spin-1 multiplets, containing 2 vectors, 8 spin-1/2 fermions and 6 scalars. Finally, the 
multiplets in the last line are a massive spin-3/2 multiplet, containing four gravitinos, 
7 vectors, 4 spin-1/2 fermions and one scalar, and three massive spin-1 multiplets, 
each of them containing one vector, 8 spin-1/2 fermions and 7 scalars. Altogether 
the field content is given apart from the supergravity multiplet by 12 massive spin- 
3/2 fields, 50 massive vectors, 116 spin-1/2 fermions and 78 scalars. This is exactly 
the field content expected from the original multiplet (|, |, |, |)s, if one takes into 
account that 4 scalars are eaten by some vectors, whereas 4 fermions get eaten by the 
gravitinos. Explicitly, the conformal dimensions are given by (I5.18P and moreover by 



11/ , 2 ,- a 2 

h 3 = -- + -\ 1 + 16sinh 2 ' 5 



2 2V + (522) 

1 + 16sinh 2 (0 6 ) 



2 2V ^ D7 l + a 2 ' 

With the explicit form of the M = (4, 0) supermultiplets at hand we can also check 
another symmetry, namely the discrete symmetry which interchanges the two spheres 
S ± , or in other words which exchanges the two scalar field triplets. For the ratio a of 
the two spheres radii this symmetry acts as a — > 1/a, and we have to check whether 
the spectrum reflects this symmetry - as it should, since D 1 (2,l|a) = D 1 (2,l|-). 
Under this symmetry one has 

1 + a 2 1 + a 2 ' 1 + a 2 1 + a 2 ' 1 ' 

We can therefore conclude that this discrete symmetry acts on the scalar fields as 

06 -» -03 , 03 -» 06 , or sinh 6 -> - sinh 3 cosh 6 , (5.24) 
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because then the conformal dimensions transform into each other, 



h + 



h 



h 3 -> h\ 



(5.25) 



such that the spectrum is invariant. Moreover, it is also possible to describe this 
symmetry in terms of the SO (6) C 5*0(1, 6) isometries, which are realized on the full 
coset space SO(l,6)/SO(6). Namely, for the 'embedding coordinates' Xi, X 6 the 
transformation (15.241) implies 



where the primed coordinates correspond to the transformed scalar fields. After fixing 
the S0(3) + x S0(3)~ symmetry - which we have done by rotating everything into 
the 03, 06 - direction - this specifies the transformation which rotates both vectors 
X + and X~ into each other, or to be more precise, X3 — * X4 and X4 — > — X3. 

5.2.3 Lifting the deformation to D = 10 

Finally we will discuss the question, whether the considered deformation corresponds 
to a higher- dimensional geometry, or in other words whether the deformed theory 
can also be obtained from a Kaluza-Klein reduction on a deformation of AdS$ x 
S 3 x S 3 . Since, as we argued in sec. I4.6[ there is some evidence that the spin- 
3/2 multiplet describes a consistent truncation, such a 10- dimensional solution has 
to exist. Constructing this solution would actually yield further evidence for the 
consistency of the truncation. 

The deformed background geometry can be identified through its isometries. 
Namely, due to the fact that the gauge group is broken from SO(4)l x SO (3)^ x 
SO(3)ft to SO(4)l x SO(2)x x S'0(2)^, the isometry group will be reduced similarly. 
Put differently, both 3-spheres will be replaced by a three-dimensional manifold whose 
isometry group is SO(3) x SO(2) and which is a smooth deformation of a S 3 . Such 
a geometry indeed exists and is given by a so-called 'squashed' sphere 11071 1108j . 
If the latter has radius R its line element is given by 



where cij are the left-invariant one forms on S 3 and q G (— l,oo) is the 'squashing' 
parameter. This geometry is by definition invariant under the left SO (3)^, but breaks 
the right 5*0(3)^ to SO(2) R for q 7^ 0. Thus the isometry group is SO(3)l x SO(2) r 
for both spheres and the case q = corresponds to a undeformed 3-sphere. This 
manifold is topologically still a 3-sphere, but with a squashed S 1 fibration over S 2 . 
In order to show that this geometry arises as a solution of type IIB supergravity, 
one would have to define a similar deformation of the 3-form flux, which gives rise to 
(I5.27P via the Einstein equations. We will leave this for future work. 



xl + x 3 + xl = x'l + X' 5 2 + X, 



(5.26) 




(5.27) 
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In this section we are going to discuss marginal deformations, which result in a partial 
supersymmetry breaking Af = (4, 4) — > Af = (3,3)0 These explorations are moti- 
vated by a system of intersecting D-branes, which has been considered in [66]. More 
specifically, the original AdS^ x S 3 x S 3 background is the near horizon limit of a 
double D1/D5 system, containing in particular a D5/D5' system of branes. In case 
that the number of D5 and D5' branes are equal, Q§ = Q§ , such a configuration 
can be deformed via joining the D5- and D5'-branes into a single set of Q$ D5-branes 
along a 4-manifold. This manifold is in turn characterized by a parameter p, of which 
we therefore may think as a deformation parameter, describing the deformation away 
from the original background. The deformed system breaks the 5*0(4) x 50(4) to a 
diagonal subgroup [66J. 

In the effective supergravities such a deformation corresponds to giving a vev to 
certain scalars in such a way that the gauge symmetry gets spontaneously broken 
(i.e. here to the diagonal subgroup). If the required scalars are contained in one of 
the lowest multiplets of chapter [3], this spontaneous symmetry breaking should be 
visible within one of the effective supergravities discussed there. In the following we 
are going to argue that the deformation considered in can indeed by seen in one 
of the YM multiplets. 



5.3.1 Deformations in the Yang-Mills multiplet 

We have to identify a deformation in the YM multiplets that breaks the gauge group 
50(4) x 50(4) to a diagonal subgroup, breaking the supersymmetry at the same time 
as Af = (4,4) — > Af = (3,3). More specifically, we consider a breaking of the gauge 
group 50(4) L x SO(A) R to 50(3)f ) x 50(3)^, where 50(3)^ and 50(3)^ rep- 
resent the diagonal of the two factors in 50(4) L and 50(4) R , respectively. Moreover, 
we set a = 1 in the following. 

One sees from tab. 13.51 that under this subgroup each YM multiplet contains two 
scalar singlets, i.e. we have a four-dimensional manifold of scalars invariant under 
50(3)^ x 50(3)^f\ At the origin, these scalars come in two pairs with square 
masses and 3, i.e. they correspond to operators of conformal dimensions 2 and 3. 
In particular, there are two marginal operators. 

Let us now consider the truncation of the Lagrangian on this four-dimensional 
target space manifold. The effective action was given by a Af = 8 supergravity, and 
the scalar fields take values in the coset space 50(8, 8)/50(8) x 50(8). Accordingly 
we can parametrize them by a 50(8, 8) matrix S as 



S = exp 



f 





V\ 


w 2 


\ 








Wi 






Vl 












\ w 2 


v-> 








/ 



(5.28) 



7 This section is based on work done with Marcus Berg and Hcnning Samtleben |109j . 
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Figure 5.1: Flat valley in the potential, the N = (4,4) origin is located at (0,0). Coordi- 
nates here are x = sin <p sinh z ,y = cos 4> sinh z. 

where each entry represents a multiple of the 4x4 unit matrix. In particular, the 
two gauge group singlets are parametrized by v±, t>2, while the truncation to a single 
YM multiplet is given by w± = W2 = 0. In the following, we further truncate to the 
two-dimensional subspace defined by v\ = t>2, w\ = —u>2- Similar to the analysis 
above, Lagrangian and scalar potential can now be computed. In terms of the new 
variables 

z 2 = v \ + w\ , (j) = arctan(u>i/f i) , (5.29) 

the Lagrangian reads 

e- x L = d^z d"z + smh 2 z &*</> - V , (5.30) 

with the scalar potential 

V = —2 + 8 sinh 2 z (sinhz — cos <p coshz) 2 (1 + 2 cosh 2z — 2 cos sinh 2z) . (5.31) 

This scalar potential is bounded from below by V > —2 and takes this value along 
the curve 

z = arctanh(cos0) , (5.32) 

which thus constitutes a flat direction in the potential, see Figure 15.11 Explicit com- 
putation shows that this extends to a flat direction in the four-dimensional target 
space (15.281) and thus of the full scalar potential. This deformation breaks the gauge 
group down to SO (3)^ ] x SO(3) { ^ ] . 

5.3.2 Resulting M = (3,3) spectrum 

Let us now turn to the analysis of the residual supersymmetries. As above they can 
be extracted from the gravitino mass spectrum. This is determined by the eigenvalues 
of the tensor A\, for which one finds 



mi = ±\ (#3) , mi = ±4V8cosh22-7 (#1) 



(5.33) 
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Supersymmetry is thus broken from J\f 
sponding conformal dimensions A 



1 + 



m 



(4, 4) down to J\f 
this yields 



(3,3). For the corre- 



A 



gravitino 



{ 



3 3 3 3 3 3 i 
2 ' 2 ' 2 ' 2 ' 2> 2 > 



|V8 cosh 2z 



7,1 + |V '8 cosh 2,2 



7} . (5.34) 



In order to determine the reorganization into M = (3, 3) supermultiplets, we also 
have to compute some bosonic masses. In the present case it is actually possible to 
diagonalize the full scalar potential around the deformation to get the scalar masses. 
One finds 





3 
l 

2 
1 

2 
1 
2 



-1 + 4cosh2z - 3^8 cosh 2z - 7) 
-5 + 4 cosh 2z 



\/8 cosh 2z 
-5 + 4 cosh 2z + V8 cosh 2z 



7) 
7) 



\ (-1 + 4 cosh 2z - 3^8 cosh 2z - 7) 



(#9) 
(#34) 

(#1) 
(#1) 
(#9) 
(#9) 
(#1) 



(5.35) 



For the associated conformal dimensions A = 1 + yl + rrt? this implies 



A; 



1 

2 
3 

< \ 

i 



-1 + V8 cosh 2z - 7) 
1 + V8 cosh 22 - 7) 
\ (3 + V8 cosh 2z-7) 
| (5 + V8 cosh 2^-7) 



(#9) 
(#34) 

(#1) 
(#1) 
(#9) 
(#9) 
(#1) 



(5.36) 



^From these values we can infer the entire spectrum in terms of M = (3, 3) supermul- 
tiplets. The spectrum is organized under the supergroup OSp(3\2, R)l®OS'p(3|2, R)r, 
whose supermultiplets we have to shortly review in the following. 

A short Gf?p(3|2, R) supermultiplet is defined by its highest weight state (£) h °, 
where £ labels the £0(3) spin and h = £/2 is the charge under the Cartan subgroup 
£0(1,1) C £L(2,R). The corresponding supermultiplet, which we will denote by 
(£)s, is generated from the highest weight state by the action of two out of the three 
supercharges and carries 8£ degrees of freedom. Its £0(3) ± representation content is 
summarized in Table 15 .21 

The generic long multiplet (^)iong instead is built from the action of all three 
supercharges on the highest weight state and correspondingly carries 8(2£+l) degrees 



h 








h Q + \ 


{£) + (£- 1) 


h + l 


(£-1) 



Table 5.2: The generic short supermultiplet (f) s of OSp(3\2,M), with h = 1/2. 



86 



Applications for the AdS/CFT correspondence 



h R 


1 


l 


3 


h L 


2 




2 


1 

2 


(i;i) 


(i;0) + (i;i) 


(i;o) 


1 


(0; 1) + (1; 1) 


(0;0) + (0;l) + (l;0) + (l;l) 


(0;0) + (l;0) 


3 
2 


(0;i) 


(0;0) + (0;l) 


(0;0) 



Table 5.3: The short N = (3,3) multiplet (1; l) s . 



tlR 

h L 


h 


h + l 


h+l 


h + l 


h 


(0;0) 


(0;i) 


(0;l) 


(0;0) 


h + \ 


(i;o) 


(i;i) 


(i;i) 


(i;o) 


h + l 


(i;o) 


(i;i) 


(i;i) 


(i;o) 


h + l 


(0;0) 


(0;i) 


(0;i) 


(0;0) 



Table 5.4: The long = (3,3) multiplet (0;0)i on , 



of freedom. Its highest weight state satisfies the unitarity bound h > if 2. In case 
this bound is saturated, the long multiplet decomposes into two short multiplets (15.21) 
according to 

Wiong = Ws©(m) s . (5.37) 
A semishort Af = 4 multiplet (£ + ,£~)s breaks according to 

(£+,Os = (^ + +r)s + (^ + +r-i) long + ... + (|f f -r|) long , (5.38) 

into semishort and long Af = 3 multiplets. 

The M = (3, 3) spectrum can now be summarized as follows. Let us first note, that 
the two YM-multiplets (0, 1; 0, l)g and (1, 0; 1, 0)s reduce to the same short Af = (3, 3) 
supermultiplet (1; l)g, given in table [5731 Comparing the conformal dimensions (15.361) 
to table !5.3l we observe that along the deformation a linear combination of the two YM 
multiplets remains in the short multiplet (1; l)g, whereas the other fields combine into 
the long massive Af = (3, 3) supermultiplet (0; 0)i ong with h = | (—1 + y/8 cosh 2,2 — 7) 
summarized in table 15.41 In total, the two Af = (4, 4) YM multiplets decompose into 
Af = (3, 3) multiplets according to 

(0, 1; 0, l) s © (1, 0; 1, 0) s — (1, l) s © (0, 0) long . (5.39) 

As the deformation is switched off, we find the Af = (3, 3) multiplet shortening: 



(0;0) long -> (0;0)s + (l;0)s + (0;l)s + (l;l) s , (5.40) 
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where (0;0)s, (1; 0)s, and (0; l)s denote unphysical multiplets without propagating 
degrees of freedom, e.g.: 



h R 

h L 





i 
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h R 

h L 
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1 





(0;0) 




-(0;0) 


i 
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(i;0) 




-(i;o) 


i 

2 








1 


(0;0) + (l;0) 




-(0;0)-(l;0) 


1 


-(0;0) 




(0;0) 


3 
2 


(0;0) 




-(0;0) 



Negative states have to be interpreted here as in sec. 13. 1.21 For further details see 
[T09] . 
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Chapter 6 



Outlook and Discussion 



In this thesis we analyzed massive states in Kaluza-Klein theories through their spon- 
taneously broken symmetries. We focused in particular on the local 'higher-spin' sym- 
metries which are required for the consistency of the spin-3/2 and spin-2 couplings. 
For Kaluza-Klein supergravity on AdS% X S 3 x S 3 x S 1 we discussed the effective theo- 
ries for the lowest (spin- 1/2 and spin-1) supermultiplets and for a spin-3/2 multiplet. 
While the former can be described as gauged Af = 8 supergravities - in accordance 
with the amount of supersymmetry that is preserved by the background - the latter 
requires an enhancement of supersymmetry to M = 16. We constructed this theory 
as a new example of a gauged maximally-supersymmetric AdS^ supergravity. It was 
shown that this theory does not possess a phase, where all supercharges are unbro- 
ken. Rather we found that the vacuum at the origin of the scalar potential in fig. 
13.11 breaks already half of the supersymmetry, giving rise to eight massive spin-3/2 
fields via a super-Higgs mechanism. Thus we confirmed the general expectation of 
sec. 12. II that the massive spin-3/2 states appearing in Kaluza-Klein supergravity have 
to be accompanied by spontaneously broken supersymmetries. However, the puzzle 
remains how an infinite tower of spin-3/2 fields could be coupled consistently to grav- 
ity. According to the given reasoning this needs an infinite number of supercharges, 
which naively would then lead to states of arbitrary high spin, in conflict with the fact 
that Kaluza-Klein supergravities contain only fields up to spin 2. The constructed 
theory suggests, however, the following resolution. The aforementioned no-go the- 
orem actually relies on the assumption that the theory admits a phase, where the 
entire supersymmetry is unbroken, such that the field content can be organized into 
representations of the required superalgebra. If this theory, instead, does not possess 
such a phase, the no-go theorem simply does not apply. 

The analogous problems for spin-2 states were discussed in chapter 4, where we fo- 
cused on Kaluza-Klein compactification of four-dimensional gravity on an S 1 . There 
we showed that the unbroken phase, in which the spin-2 fields are massless, corre- 
sponds to the 'decompactification limit', i.e. the phase where the radius of the inter- 
nal manifold goes to infinity. Correspondingly, there is an infinite-dimensional gauge 
symmetry, which ensured consistency of the gravity - spin-2 couplings. The resulting 
three-dimensional theory has been constructed as a Chern-Simons theory based on 
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the affine Poincare algebra. We have moreover shown the existence of a geometrical 
interpretation for these spin-2 theories, which can be applied to arbitrary dimensions. 
This is an extension of the Riemannian geometry underlying ordinary general rela- 
tivity to a notion of algebra-valued differential geometry. While the Chern-Simons 
formulation is special to D = 3, the latter geometrical formulation exists in any di- 
mension. Correspondingly, we show in appendix [D] that the Chern-Simons theory 
related to an arbitrary internal manifold is equivalent to the generalized Einstein- 
Hilbert action based on algebra-valued differential geometry. Finally we discussed 
the 'broken phase', in which the spin-2 fields are supposed to become massive via 
a novel spin-2-Higgs mechanism. It has been shown that this phase results from a 
gauging of a subgroup of the rigid symmetry group, which in turn deforms the spin- 
2 symmetries and induces a spin-2 mass term. The entire construction had a deep 
analogy to the gauging of supergravity: First of all, the spin-2 symmetries in (14.81) 
are 'supersymmetries' in the sense that they transform fields of different spin into 
each other, even though they do this in a purely bosonic theory. Like in supergravity 
(see the discussion in 12. ip here the consistency relies on the fact that also the metric 
transforms under the spin-2 symmetries. Concerning the gauging we observed that 
it is possible to start in the ungauged phase from a formulation, where all degrees of 
freedom are carried by scalars. These scalars span in turn a (generalized) non-linear 
o"-model manifold carrying an enhanced global symmetry, in this case the affine ex- 
tension of the Ehlers group. The gauge vectors in turn appeared as purely topological 
gauge fields and combined with the spin-2 fields and the metric into a Chern-Simons 
theory for an extended algebra. This parallels the case of gauged supergravities, where 
the compact gauge vectors combine with the metric and the gravitinos into one of the 
Chern-Simons theories based on AdS supergroups discussed in sec. I2.2|F1 Moreover, 
we argued in sec. 14.51 that generically the gauging is only consistent with the spin-2 
symmetries if a scalar potential is introduced, which also parallels the gauging of 
supergravity. 

In chapter 5 we considered marginal deformations of the theories constructed in 
chapter 3. We analyzed the effects of switching on certain scalar fields in the spin-3/2 
multiplet (|, |; |, |)s, which results in a spontaneous partial supersymmetry breaking 
M = (4, 4) — > H = (4, 0) as well as a breaking of part of the gauge group. We have 
moreover determined the geometry of the moduli space spanned by the scalars par- 
ticipating in this symmetry breaking. Similarly we examined a marginal deformation 
in the spin-1 multiplets, which implied supersymmetry breaking to Af = (3,3). The 
required Higgs and super-Higgs effects were analyzed as well as the resulting spec- 
trum and the reorganization into representations of the reduced AdS supergroups. 
These explorations provide the first step of a more detailed analysis of the dual field 
theories. 

The presented work can be extended into various directions. First of all it would 
be interesting to find the 10- dimensional ancestors for the marginal deformations 

1 Similarly, in |39j consistent couplings of an infinite tower of higher-spin fields to gravity have 
been constructed as a Chern-Simons theory of a higher-spin algebra. The Chern-Simons theory of 
sec . 14 . 4 . II provides the analogue for an infinite tower of spin-2 fields. 
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discussed in chapter 5. We introduced already a possible 10- dimensional geometry 
in sec. 15.2.31 which would give rise to the required breaking of the gauge group. It 
remains to be checked that this metric can be embedded into an exact solution of 
type IIB supergravity. The analogous question for the M = (3,3) deformation will 
be discussed in a forthcoming paper |109] . 

Furthermore, there are a variety of directions, in which the investigation of the 
spin-2 symmetries of chapter 4 can be extended. First, the analysis of the spin- 
2 symmetries in the gauged phase has only been performed for the pure Chern- 
Simons theory (in which the Kaluza-Klein symmetries are realized as Yang-Mills 
gauge transformations) and a particular subsector of the matter-coupled theory. In 
order to apply this program to more complicated internal manifolds, a systematic 
analysis of possible gaugings and the resulting deformations of the spin-2 symmetries 
is necessary. In addition, it would be interesting to study these questions also for 
higher-dimensional geometries. A first step for this can be found in appendix ID1 

Moreover, since we are ultimately interested in compactifications on AdS spaces, 
the Kac-Moody algebra based on the Poincare group should be generalized such that 
it contains the affine extension of the AdS group. However, as AdS^ x S 1 is not a 
solution of four-dimensional AdS-gravity, this enforces already the introduction of a 
non-flat compact manifold. For instance, one could analyze the AdS% x S 3 case, in 
which the diffeomorphism group of S 3 should appear as a gauge group. One may 
expect the appearance of an extended algebra of the form f!4.83j) and an associated 
Chern-Simons description. 

Finally, it would be crucial to study the supersymmetric case. We argued already 
in sec. 14.61 that this could presumably be achieved via the introduction of a super- 
Kac-Moody algebra, whose Chern-Simons theory would possess an infinite number 
of supersymmetries (J\f = oo). Applied to the case of, e.g., AdS 3 x S 3 , this alge- 
bra should carry an AdS supergroup as subgroup. Apart from the finite number 
of supersymmetries preserved by the background, all supercharges will be broken 
spontaneously. 

In analogy to the spin-2 case one could think that any truncation to a finite number 
of spin-3/2 fields larger than expected from the background supergroup (correspond- 
ing to the 'zero-modes') is inconsistent. However, the theory constructed in chapter 3 
shows already that this is not true in general. As discussed in I4.6[ the infinite- 
dimensional symmetry underlying the entire Kaluza-Klein tower on AdS% x S 3 x S 3 
has to contain not only the Af = 8 supergroup determined by the background, but 
also M = 16 algebras associated to the additional massive spin-3/2 fields. In contrast 
to compactifications on tori, the existence of consistent subalgebras larger than the 
symmetry group of the zero-modes can therefore not be excluded a priori. It is amus- 
ing to speculate about the possibility that consistent subalgebras may exist which 
have even more than 32 real supercharges. For instance, the next massive spin-3/2 
multiplet on AdS^ x S 3 x S 3 , namely (1, 1; 1, 1)5 in (I3.29p . contains 72 massive spin- 
3/2 fields, thus requiring M = 80 supersymmetry! Even though this sounds unlikely 
at first sight, there seems to be no convincing argument excluding the existence of 
such a truncation. 



92 Outlook and Discussion 



Chapter 7 
Appendices 



A The different faces of E 8 ^ 

The maximal supergravity theories in three dimensions are organized under the ex- 
ceptional group Es(g\. In particular, their scalar sector is given by a coset space a 
model with target space E 8 ^/ SO(16). In this appendix, we describe the Lie algebra 
e 8 ( 8 ) in different decompositions relevant for the embedding of the gauge group and 
for the construction of the embedding tensor in the main text. 



A.l i? 8 ( 8 ) in the 50(16) basis 

The 248-dimensional Lie algebra of EWs) may be characterized starting from its 120- 
dimensional maximal compact subalgebra so(16), spanned by generators X IJ = X^ IJ ^ 
with commutators 

[X IJ ,X KL ] = 5 JK X IL -5 IK X JL -5 JL X IK + 5 IL X JK , (A.l) 

where I, J = 1, . . . , 16 denote SO (16) vector indices. The 128-dimensional non- 
compact part of e 8 (8) is spanned by generators Y A which transform in the fundamental 
spinorial representation of £0(16), i.e. which satisfy commutators 

[X IJ ,Y A ] = -\T^ B Y\ [Y A ,Y B ] = lr T A J B X IJ . (A.2) 

Here A, B = 1, . . . , 128 label the spinor representation of 50(16) and r /J = r^r^ 
denotes the antisymmetrized product of 5*0(16) T-matrices. Moreover, we use indices 
A, B = 1, . . . , 128 to label the conjugate spinor representation of 50(16). In the 
main text, indices M.,M = 1, . . . , 248 collectively label the full Lie algebra of E 8 (s), 
i.e. {t M } = {X IJ ,Y A } with 

[t M ,t M ] = f MN K t K . (A.3) 
The Cartan-Killing form finally is given by 

V MM = ^tr(t^) = ^f M \f\. (A.4) 
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A. 2 E m in the 50(8,8) basis 

Alternatively, ts(8) mav be built starting from its maximal subalgebra so (8, 8) spanned 
by 120 generators X 13 with commutators 

[X IJ ,X KL ] = r] 3K X IL - r] m X 3L - V 3L X 1K + V lh X 3K , (A.5) 

where I, J, . . . now denote vector indices of 5*0(8, 8) and rju = diag(— 1, . . . , —1, 1, . . . , 1) 
is the 50(8,8) invariant tensor. Similarly to the above, the full e 8 ( 8 ) is obtained by 
adding 128 generators Q^, A = 1, . . . , 128, transforming in the spinor representation 
of 50(8, 8) 

[A^ IJ ,Q A ] = -±r IJ A B Q B , [Qa,Q b ] = hiK^ BC r KL A c x IJ . (A.6) 

Here r IJ A B denote the (rescaled) 50(8, 8)-generators in the spinor representation, i.e. 

-pIJ B 1 /-pi C T=i J B -pj Cpl B\ /» 7\ 

1 A " fl 1 A i C _1 A i C J) l A -'J 

where the gamma matrices satisfy 

r Y r J c B + r V TV = 2 V 13 5* , (A.8) 

with the transpose T, and where A, B, . . . , denote spinor indices and A, B, . . . , conjugate 
spinor indices of 50(8, 8). It is important to note that in contrast to the 50(16) de- 
composition described above, spinor indices in these equations are raised and lowered 
not with the simple 5-symbol but with the corresponding 50(8,8) invariant tensors 
VkB, VkB °f indefinite signature (cf. flA.lip below). 



A.3 £7 8(8) in the 50(8) x 50(8) basis 



According to (13.411) . (13.411) in the main text, the two decompositions of sections [A.ll 
and IA.2l may be translated into each other upon further breaking down to 50(8)^ x 
50(8)^. To this end, we use the decomposition 50(8,8) — > 50(8)^ x 50(8)^ with 

16 v -> (8 v ,l)e(l,8 v ) , 

128 s -> (8 S ,8 C )©(8 C ,8 S ) , 128 c -> (8 5 , 8 5 ) © (8 C , 8 C ) , (A.9) 

corresponding to the split of 50(8,8) indices: 

I = (a,6), A = (aft ,7<J) , A=(a/3,7<f). (A.IO) 

Here, a, b, . . . and a,b, . . . denote vector indices for the left and the right 50(8) factor, 
respectively, while a,/3, . . . and a, (3, . . . denote spinor and conjugate spinor indices, 
respectively, for both 50(8) factors. The invariant tensors r] 13 , rj AB and r]^ in this 
50(8) notation take the form 



,; 1 o s ab J ' Vab V J V 



Vkis 



Vaf3,-y8 \ = f S aj Sps 



(a.ii; 



A The different faces of EWs) 
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It is straightforward to verify, that the 5*0(8,8) gamma matrices (1A.8I) can be ex- 
pressed in terms of the SO (8) gamma matrices as (see also [110j ) 



i Pi 




nfl 7<5 
1- afi 


= SpsT^ 



ra yd 
aP 

■pa yd 
1 ap 



Gary 1 j 



(A.12) 



With the results from the previous section, e 8 ( 8 ) can now explicitly be given in the 
so(8) L ®so(8) r basis. Generators split according to {X ab , X ab , X ab , Q a p, Q^s} with 
the commutation relations 

[X ab ,X 

[X" b , X 

[X ab ,X 

[X" b , X 

[X ab ,X 

[X ab ,Q a 



cdl 


^bcj^ad 


^acj^bd 


5 bd x ac + 5 ad x bc ^ 


cdl 


8 X 


+ 8^X U 


| ^bdj^ac ^adj^bc 


cdl 




5 ac X 




cdl 


^ad j^cb 


8 X c ® 




cdl 


^bdj^ac 


5 ac X 





Q 



[x a ,Q a p 

[Qaai Q pp 
[Qadi Q hp 
[Qaa, Q pp 



_ lp[ a T b ] A 
2 L pe L eS^aS ' 



[X a \Q a p] ~ -It>H 



_ lrl" p°J r) 

2 pc ts^ aS ' 



2 ae e-y^yp ' 



[X ab , Q A p] 



lf[" p»J 

2 1 de 1 e^iP J 



Ira p& /) 

2 5/j a7^7<5 ' 



[X a6 , Qa/3] — 

l_pa -pb yab 

2 L Pa L ap^ ' 

1 r T=r[a T-16] -v^ao lj t-i[o r^l \^a£> 



lpa p6 A . 

2 /3<5 7a^75 ' 



"7 7 /3 



4 ap «7 7/3^ 



(A.13) 



Moreover, the Cartan-Killing form ( 1A.4I) can be computed in the 5*0(8) x 50(8) 
basis by use of this explicit form of the structure constants. The result is 



t.cd 



^ab,cd _ ^ac^bd 



(A.14) 



_ _fi[ab],[cd] ^ ^ab,cd _ _fi[ab], [cd] 

VaPrfS = da-y8p$ , VaP,iS = —Sa^fipS , 

while all other components vanish. 

Finally let us identify explicitly the 50(16) subalgebra in this 50(8,8) basis. 
With respect to the 50(8) x 50(8) decomposition of 50(16) in ( 13.371) the indices 
split according to 



{a, /3) 



A = (a/3, ah) , A = (aa, 5/3) 



(A.15) 



Correspondingly, the 50(16) generators X IJ decompose into X a @, X alS and X a P, 
and can be written in terms of the compact E s / 8 \ generators by 



vaP lpoi \rab 



X ap 



1-pab vab 
~2 L ap X ' 



x a " = Qp a ■ 



(A.16) 
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That these satisfy the SO (16) algebra can be verified explicitly by use of standard 
gamma matrix identities. The noncompact generators Y A are identified as 

Y a P — Q a , Y ' ah = X m . (A. 17) 

One immediately verifies that this split into compact and noncompact generators is 
in agreement with the eigenvalues of the Cartan-Killing form ()A.14j) . 



A.4 E m in the 50(4) x 50(4) basis 



To explicitly describe the embedding of the gauge group G = G c x (T 34 , T 12 ) described 
in section [33H1 we finally need the decomposition of -Es(s) under the SO (4) i x S0(4)r 
from (13.181) . This is obtained from the previous section upon further decomposition 
according to (13.351) . (13.361) . In 50(8)# indices a, a, a, this corresponds to the splits 



a =([#], 0,0), a = (i,j), a=(i,j), (A.18) 

and similarly for 50(8)^. Here, denote 5*0(4) vector indices. The 50(8) 

gamma matrices can then be expressed in terms of the invariant 5*0(4) tensors 5^ 
and e^ kl as 




(A.19) 



with the 4x4 matrices 



<-kl 



Sh , (e ij ) M = e ijM , (5 ij ) M = 4 = W . (A.20) 



It is straightforward to check that the matrices flA.19j) satisfy the standard Clifford 
algebra, making use of the relations 

S ij( § mny + § mn( S ijy + £ ij( £ mny + £ mn( £ ijy = 2§ ij,mn ^ 

£ v(S mn y + £ mn (S ii ) t -5 ij (e mn Y -5 mn (e ij Y = 0, <A ' 2I) 

which can be proved using the identity e^ kl 5^ = . Next we have to decompose 
these T-matrices into selfdual and anti-selfdual parts, corresponding to flA. 18[) . 

= — (r ij ± \ £ ijkl v kl ) , (A.22) 

such that r± := ~e yW r± = ±T^. Inserting the representation (1A. 19[) of T-matrices 
into the structure constants in flA. 13|) yields the decomposition of e 8 ( 8 ) in the so(4) L © 
so(4) R basis. 
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B Kac-Moody and Virasoro algebras 

Here we give a short introduction into the subject of Kac-Moody algebras and the 
Virasoro algebra. For the special case that their central charges vanish they have a 
simple geometrical meaning, and therefore we discuss this case first. 

A Kac-Moody algebra g is associated to an ordinary finite-dimensional Lie group0 
G as the Lie algebra of the so-called loop group. The latter is defined as the set of 
smooth maps from the unit circle S 1 into the group G. Parametrizing the S 1 by an 
angle as in the main text, the loop group Q consists of periodic maps 

— ► G G , (B.23) 

whose group structure is given by point-wise multiplication. It defines an infinite- 
dimensional Lie group. To determine the Lie algebra g of this group, we introduce a 
basis t a for the Lie algebra g of G. The loop group elements can then be written as 

7 (0) = expK(0)t a ] , (B.24) 

or, near the identity, as 

oo 

7 (0) « 1 + t a a ein9 > ( R25 ) 

n=— oo 

where we have performed a Fourier expansion of a. This relation implies that the 
generators of the loop group can be identified with 

t a = t a e ine ^ ( R26 ) 
since then the expansion f1B.25h reads 

7«1 + J>X- (B-27) 

n,a 

With (1B.26P the Lie algebra g can be computed to be 

[C t] = f ab c t c m+n , m,n = -oo, .., oo , (B.28) 



where f ab c are the structure constants of G. flB.28[) defines the so-called Kac-Moody 



algebra or the affine extension of G. The Lie algebra g of G is embedded as the 
subalgebra go spanned by the generators tg- Moreover, the generators satisfy (t^Y = 

Next let us turn to the Virasoro algebra. While the loop group can be defined 
as the group of maps from S 1 into a Lie group G, the Virasoro algebra v can be 
introduced as the Lie algebra of the Diffeomorphism group of S 1 . This diffeomorphism 



This one is usually, but not in this thesis, taken to be semi-simple and compact. 
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group V = Diff(5' 1 ) consists of smooth and invertible maps S 1 — ► S 1 , whose group 
multiplication is defined by composition 

(£1 • = 6(6(0)) • (B.29) 

Infinitesimally they are given by 

— ►0-a(0), (B.30) 
where a is periodic in 0. On functions / on S l these diffeomorphisms act as 

f(9)^f(9)-a(e)±f(9). (B.31) 
Upon expanding a in Fourier components, one can read of the generators of v: 

Qn = ~e ine ^ . (B.32) 
The resulting Lie algebra is then given by 

[Qm, Qn] = i{m - n)Q m+n . (B.33) 

This is the so-called Virasoro algebra v. In analogy to g the generators fulfill the 
reality constraint Q\ = Q- n . 

Since both type of algebras, the Kac-Moody algebras and the Virasoro algebra, 
are defined geometrically with regard to S 1 , there exists an obvious way to interrelate 
both algebras. In fact, any diffeomorphism ( 6 V can act on a loop group element 
7 G Q as 

(£-7)(0)=7(£(0))- (B-34) 

This defines a semi-direct product v x g with elements (£,7), whose Lie algebra can 
be computed by use of flB^6|) and (lB~32|) to be given by (jB^gjl . flB~33|) and 



[Q m ,t a n ] = -nt a m+n . (B.35) 

Let us now turn to the more general case of non-vanishing central charges. One 
may check explicitly that consistent Lie algebras (in the sense of fulfilling the Jacobi 
identities) can be defined with the following central extensions. The latter are defined 
as generators c that commute with all generator, e.g. [Q m , c] = 0. The centrally 
extended Virasoro and Kac-Moody algebras then read 

[Qm, Qn] = i(m - n)Q m+n + —m{m 2 - l)S m _ n , 

±* (B.36) 

\+a y-fel _ fab f c 1 frrnXabc 

In the case of vanishing central charge c = the Virasoro algebra is also called Witt 
algebra. Moreover, the semi-direct product structure (IB. 351) is consistent also with 
the central extensions in ( IB. 361) . The structure of this semi-direct product can also be 
obtained via the so-called Sugawara construction, in which the Virasoro generators 
are realized as bilinears of Kac-Moody generators [76]. It should be noted that for 
generic Lie groups G this is a unique product between the associated Kac-Moody 
algebra and v, in contrast to the afline Poincare algebra iso(l, 2) discussed in the 
main text. 



B Kac-Moody and Virasoro algebras 



99 



Representations of v 

Let us briefly summarize the representations of the Witt algebra, which are relevant 
in the main text [36]. First, the adjoint representation can clearly be defined also for 
infinite-dimensional Lie algebras and is here given by 

W = ~ Yl mX™ = ~J2 ^flmX™ = < J> - 2k)ex n ~ k , (B.37) 

k,m k,m k 

where f\ m are the structure constants of v defined by (IB. 331) . In analogy to this a 
much broader class of representations can be defined according to 

Sx n =iJ2( n ~( 1 - V"* ■ (B-38) 

k 

One can check explicitly, that these are representations of v: 

fo m , 8r\x k = K™ - n)5^ +nX k , £ m+n = • (B.39) 

The representations of v can therefore be labeled by a number A, which we call con- 
formal dimension in analogy to conformal field theories. The adjoint representation 
is included in (IB. 381) as A = — 1. 

Among these representations is the dual of the adjoint representation, which can 
be characterized as follows. For each representation p on a vector space V one has 
the dual representation p* on the dual space V*, which is defined by the requirement 
(p*(g)(v*), p(g)(v)) = (v*,v), where (,) denotes the natural pairing between vectors 
in V and V* and g is a group element. This implies p*(g) = t p{g~ 1 ) or at the level 
of the Lie algebra p*(X) = — t p(X), where leg. Since the adjoint representation is 
given by {t m ) n k = f '^ k , the co-adjoint representation matrices read (t* k ) n m = —{t k ) m n = 
—f™ n - Applied to the Witt algebra, the co-adjoint action is 

= - E ^^l)n m xL = * ]>> - n)£ kX * n+k , (B.40) 

k,m k 

or, defining \ n ■= X*- n , 

S X n = iJ2( n + k K k X n ~ k , (B.41) 

k 



which coincides with the representation (IB. 38 



J for A = 2. 
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C Kaluza-Klein action on M 3 x S* 1 with Yang-Mills 
type gauging 

As we have already emphasized, the inclusion of all Kaluza-Klein modes in the ef- 
fective action for reductions on S 1 (or in general on arbitrary tori) can also be done 
explicitly, and in fact have been done for reductions to D = 4 (see [8T | |36 | [3511341, II 11] ). 
Here we will show this for the D = 4 — > D = 3 reduction of four-dimensional gravity, 
which yields the Kaluza-Klein theory with Yang-Mills gauge fields. 

In practice the computation is significantly simplified by use of the vielbein for- 
malism. More specifically, the Einstein-Hilbert action 

S'eh = - J d 4 xER = - J d 4 xEE%E% R A f£ (C.42) 
can be computed from the components of the spin-connection co^ B by use of 

R-MN — ^d[M^N] B + ^[M CuJ Nfc ) (C.43) 

where the spin connection in flat indices is given by 

UABC = -ji^ABC — &BCA + &CAb) , ^ ^ 

&ABC = ^E^E^OmEnc ■ 

It is convenient to express the Einstein-Hilbert action entirely in terms of VLabc- 
Inserting ( 1C.44I) into (1C.42I) and performing several partial integrations one gets 



S'eh = — / d 4 xE 



^CABCc i ^qABCq , o B C A 

-M "ABC + ~" "BCA + "c B lL A 



4 — ■ 2 

Computing the VLabc by use of the vielbein (14.11) and its inverse 

o r 1/2 

one gets the following (still ^-dependent) coefficients 



(C.45) 



ET= 1-1/2 P , (C46) 



(C.47) 



All expressions appear already in a t>-covariant fashionJl Specifically, 

n<S> = 2e[ a el ] D^ c , (C.45 



2 Note, that this is not the case for the ui^ B , where one index has been transformed into a 
space-time index by use of the vielbein (|4.1[) . 
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with the -O-covariant derivative D p e vc defined in (14. 891) . Furthermore, we defined 
following [36] a covariantized x 5 -derivative, which is given by 

%; = 95<-^e;. (C.49) 

The denotation 'covariant derivative' is justified by the fact that -D 5 e^ transforms in 
contrast to d^e® covariantly under local v transformations: 

= ed 5 (D 5 el) + 2«9 5 £ 5 A< • (C.50) 

This means, that D^e a p transforms covariantly, even though it transforms under a 
different representation as e a p itself. 

Inserting ( 1C.47I) into the Einstein-Hilbert action in the form ( 1C.45j) one finds after 
some computations 



'EH 



d 3 xd9e 



(C.51) 



where _R( 3 )> cov denotes the generalized Ricci scalar with respect to the covariantized 
connection in (1C47|) . Moreover, C m contains the spin-2 mass term, which is induced 
by the gauging, and reads 

C m = X -r 2 g^g p \D h g w D h g vry - D 5 g^D 5 g p<7 ) - e ap e bv F pu e p h D 5 e pa . (C.52) 

One may check explicitly that C m is invariant under local v transformations. In 
particular, the power of <fi in front of the spin-2 mass term can be entirely determined 
from the requirement that the action stays invariant. 

That (IC.52p gives mass to the spin-2 fields in the Kaluza-Klein vacuum (14.91) can 
be seen as follows. The mass term in the free spin-2 theory (12. ip already given by 
Pauli and Fierz reads 

M 2 

Anass = — (^V - (fV) 2 ) • ( C - 53 ) 

In fact, expanding (1C.52I) around the Kaluza-Klein vacuum (14.91) 

9%,i?) = + Kh n ^(x) , (C.54) 
and integrating out 6 one gets the leading contribution 
1 f 1 00 

— / dec m = KvTrT (K P K: - K»K«) + °^ 2 ) . ( c - 55 ) 

n=— oo 

where 

M l=Q 2 ■ (C56) 

This in turn shows that in lowest order in k (IC.52P reduces to an infinite sum of 
Pauli-Fierz spin-2 mass terms (1C.53I) . Furthermore it can be shown that the vector 
and scalar modes A™ and 0™ can be absorbed via a field redefinition into the spin-2 
fields, such that in total the latter become massive in a Higgs effect. (At the linearized 
level this analysis has been performed, e.g., in [81J.) 
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D Spin-2 theory for arbitrary internal manifold 

In the main text we have shown that the Chern-Simons gauge theory of the affine 
Poincare algebra describes a consistent gravity- spin- 2 coupling. This is on the other 
hand also equivalent to Wald's algebra-valued generalization of the Einstein Hilbert 
action, where the algebra is given by the algebra of smooth functions on S 1 . We 
are going to show that this picture generalizes to the case of an arbitrary internal 
manifold. 

Let M be an arbitrary compact Riemannian manifold and {e m } a complete set of 
spherical harmonics (where generically m now denotes a multi-index), which we also 
take as a basis for the algebra of smooth functions on M. The infinite-dimensional 
extension of the Poincare algebra is no longer given by a Kac-Moody algebra, but 
instead is spanned by generators P™ = P a ® e n and J™ = J a ® e n , which satisfy the 
Lie algebra (compare the algebra in |112j ) 

[P™ P b n ] = , [J™ = e abc J c ® (e m ■ e n ) , 

[J™,P b n ]=e ohc P c ®(e m -e n ), 1 ' } 

Here • denotes ordinary multiplication of functions. Note, that this algebra reduces 
for the case M = S 1 to the Kac-Moody algebra zso(l,2) in (14.111) . There exists also 
an inner product on the space of functions, which is given by 

(e m ,e n ) = / dvol A /e m e n , (D.58) 
Jm 



such that a non-degenerate quadratic form on (1D.57j) exists: 



(D.60) 



(P?,J b n ) = Vab(e m ,e n ). (D.59) 

In complete analogy to sec. 14.3.11 a Chern-Simons theory can then be defined, whose 
equations of motion read 

o ll e v o v e^ -f- a mk e u vc -+- e vc \ — u , 

f) ,,A n ) _ f) ,,A n ) _|_ n n p-a6c (m) (fc) _ n 

while they are invariant under 

5e <n) = g^atn) + ^ ^tc^W + e^U™ p?) , (D.61) 

where a^ fe defines the algebra structure with respect to the basis {e m }. If one defines 
the transformation parameter to be 

P a{n) = a n mk e {m) ef\ r a ^ = a n mk ^ m ~>uf\ (D.62) 

one can show using the equations of motion and the associativity (I4.35P of the algebra, 
that 

K (n) = <k (Z pim) d P ef ] + d^ pim) e a p {k) ) . (D.63) 
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For the algebra- valued metric defined by = a^e^^ ehl this implies 

where again (I4.35P has been used. Altogether, the gauge transformations of the 
Chern-Simons theory for (1D.57|) coincide with the algebra-diffeomorphisms. Thus we 
have shown that also for arbitrary internal manifolds the Chern-Simons description 
based on the algebra flD.57j) is equivalent to Wald's algebra-valued multi-graviton 
theory This is turn confirms, that the spin-2 theories appearing in Kaluza-Klein 
actions resulting from compactifications to arbitrary dimensions can also be treated 
within Wald's framework. 
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